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ABSTRACT

We classify the finite-dimensional simple Poisson modules for two Poisson
algebras. The first is related to the invariants for an automorphism of the torus and to
the cyclically g-deformed algebra U’ (so,) of [1,2]. We find that there are five
d-dimensional simple Poisson modules for each d > 1. The second is the Poisson algebra
arising from the quantized enveloping algebra U,(sl,) using a presentation discovered by
Ito, Terwilliger and Weng [3] and we find that there are two d-dimensional simple
Poisson modules for each d > 1.
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1. INTRODUCTION

A Poisson algebra is a commutative C-
algebra equipped with a Lie bracket {—, -}
for which {a,-}: A —> A is always a
derivation of A. The bracket {-, -} is then
called a Poisson bracket. A Poisson ideal is
an ideal of A for both the algebra structures
on A.

If T is a C-algebra with a central non-
unit non-zero-divisor # such that A := T//T
is commutative then there is a Poisson
bracket {—, -} on A such that {%, ¥} =
t=1x, y] for all X, ¥ € A. In this situation,
we shall follow [4, III 5.4] in referring
to T as a quantization of the Poisson
algebra A.

We consider Poisson A-modules in the

senses of [5] and classify the finite-
dimensional simple Poisson modules for
two examples of interest. The first is the
Poisson bracket on A = Cl[x, y, z] with
{xy}=m+z
Wz =zy+x
{z,x} =xz+y. (1.1)
This arises in [6] in connection with
automorphisms of the co-ordinate rings of
the torus and quantum torus and it has a
quantization, in the above sense, that is
isomorphic to the cyclically g-deformed
algebra U (so,) of [1,2]. The second has a
quantization which gives the quantized
enveloping algebra U,(sl,) in the equitable
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presentation discovered by Ito, Terwilliger
and Weng [3]. The results presented here,
classifying the finite-dimensional simple
Poisson modules for these two Poisson
algebras by a direct method based on Kassel
[7, Theorem V.4.4], appeared in the author’
s thesis [8]. They have also been classified
by a different method by Jordan [9].

We shall show, in Section 3, that the
annihilator of any finite-dimensional simple
Poisson 4-module is a Poisson maximal
ideal. To classify finite-dimensional simple
Poisson 4-modules, we first identify the
Poisson maximal ideals. We then analyse
the Poisson modules annihilated by each
Poisson maximal ideal in turn. We shall
present, in Section 4, full details for one
Poisson maximal ideal of the first example
and then indicate the details of the changes
needed in other cases.

2. DEFINITIONS AND NOTATION
Throughout 4 will be a finitely
generated commutative algebra over C.

Definition 2.1 A Poisson bracket on A4 is a
Lie algebra bracket {—,—} satisfying the
Leibniz rule {ab, ¢} = a{b, c}+{a, c}b for
all a,b,c € A. The pair (4, {—,—}) is called a
Poisson algebra.

A subalgebra B of 4 is a Poisson
subalgebra of A if {b, ¢} € Bforallb, ce B
and an ideal I of 4 is a Poisson ideal if
{i,a} € Iforallie Iandallae 4. ifIisa
Poisson ideal of A then A/I is a Poisson
algebra in the obvious way: {a + I b + I}
= {a, b} + 1. A Poisson algebra 4 is said to
be simple if its only Poisson ideals are (0)
and 4.

Definition 2.2. Let P be an ideal of a
Poisson algebra A. Then P is a Poisson prime

ideal if P is both a prime ideal and a Poisson
ideal. It follows from [10, 3.3.2] that this is
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equivalent to saying that P is a Poisson ideal
and, for all Poisson ideals 1,J C 4,
IJ c P implies that I € P or J C P.

Definition 2.3. By maximal Poisson ideal,
we shall mean a Poisson ideal I of 4 such
that if J is a Poisson ideal and I ¢ J then
J=A. An ideal I of a Poisson algebra A is
said to be a Poisson maximal ideal if I is a
maximal ideal of 4 and also a Poisson ideal.
For example, let 4 = C[x,y] which is a
Poisson algebra with the Poisson bracket
{x,y} = 1. Then 0 is a maximal Poisson ideal
but is not a Poisson maximal ideal.

Definition 2.4. Let R be a commutative
C-algebra and let 4 € R. Let 4 be an
R-algebra and suppose that % is not a zero
divisor in A4, and that A := A/hA4 is a
commutative C-algebra. Then there is a
Poisson bracket {—, =} on 4 such that {a, b}
=hab] forall@a =a+ h4d and b =
b + hA. Following [4, IIL5.4], we call 4 a
quantization of the Poisson algebra 4.
There is more than one definition of

Poisson module the literature. We shall use
the one introduced by D.R. Farkas [5].

Definition 2.5. Let 4 be a commutative
Poisson algebra with Poisson bracket
{-, —}. We shall say that an 4-module M is
a Poisson module if there is a bilinear form
{-, =}, A X M — M such that

(i) {a,am}y ={a,a'}m + a'{a,m}y;
(ii) {aa’,m}y = af{a’.,m}y + a'{a,m}y;
(ii){{a,a'}, m}y = {a,{a'm}yly —

{a', {a,m}u}u;
foralla, a’ € A and all m € M.

A submodule N of a Poisson module M
is called a Poisson submodule if {a, n}, € N,
forallae 4, ne N.
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Definition 2.6. Let N be a left module
over a ring R. Give any subset X C N, the
annihilator of Xis the set ann, (X)= {re R:
rx = 0 for all x € X}, which is a left ideal
of R.

Lemma 2.7. Let A be a Poisson algebra
and M be a Poisson A4 - module.
() The annihilator ann (M) is a Poisson

ideal of 4;

(i) if M is a simple Poisson module then

ann (M) is a Poisson prime ideal of 4;
(i) if M is a finite-dimensional simple

Poisson module then ann (M) is a

Poisson maximal ideal of 4.

Proof. (i) Let a’M =0 for some a’ € 4. It
follows from Definition 2.5(i) that 0 =
{a,a’m}, = {aatmforallae 4so {aa}
€ ann (M). It follows that ann, (M) a
Poisson ideal of 4.

(i) Let M be a simple Poisson module
and let 7 and J be Poisson ideals of 4. Let
P = ann (M). Suppose that IJ C P, that is,
IJM = 0. We show that JM is a Poisson
submodule of M. Let j € Jand m € M.
Foraed, {ajm}, = jiam} +{a, jime JM.
Hence JM is a Poisson submodule of M.
Since M is a simple Poisson module,
JM =0 orJM =M. If JM =M then IM =
IJM = 0,soJ c P orIc P. This shows
that P is a Poisson prime ideal of 4.

(i11) Let M be a finite-dimensional
simple Poisson module and P = ann (M).
By (i1), P is a Poisson prime ideal of 4. Then
M is a faithful A4/P- module. Let 0 be the
map from A/P to the endomorphism ring
of M, End_ (M), given by 6 (a + P)(m) = am
fora € A and m € M. We claim that 0 is
an injective C- homomorphism. It is clear
that 6 well-defined.

Let a, b € A. We see that 6 (a b)(m) =
abm = 0 (a) bm = 0 (a)0 (b)(m).

Therefore 6 (ab) = 0 (@)0 (b), whence 0 is
a C-homomorphism. Let @ € A/P be such
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that 8 (@) =0. Thenam =0 forallme M
and a € P which implies ker 0= 0. Hence
0 1s injective. As dim (M) < oo, dim [A/P)
<dim  End (M)=(dim (M)). Since A/P is
a finite-dimensional algebra over C, it
follows that 4/P is an Artinian ring. We
also know that 4/P is a prime ring because
P is a prime ideal. Therefore 4/P is simple,
whence P is maximal.

Lemma 2.8. Let 4 = C[x,, x,,..., x, ] with a
Poisson bracket {-, —}. Let ' =Sp(x,, x,,..., x,)
and let M be an 4A-module. Suppose that
there is a bilinear form {-,—} : VxM— M.
Extend this to a bilinear form {-, -}, :
A X M — M using Definition 2.5(ii) and
{1, m},,= 0 .If Definition 2.5(i) and (iii)
hold, for all m € M, whenever a = x, and
a =x for 1 <i < j < n then Definition
2.5(1) and (iii) hold for all @, " € A.

Proof. The extension of {—,~}, from V'xM
to A X M, using Definition 2.5(ii), is well-
defined because 4 is free as a commutative
algebra and is such that, for example,

{1191512 "t X, My

= lexz Xy e {2, MYy
=1

where %, denotes omission of x,. If
Definition 2.5(1) and (iii) hold whenever
a=xianda'=xj, 1 <i <j < n, they hold
whenever a = x, and @’ = x for any i and ;
because {x, x,} =0 and {x, x}=—{x, x}.
Leta€ A. Let L(a") = {a € A4: (i) holds for
allme M} and L = {a’ € A: (i) holds for
al me M, a e A}. For 1, s € L(a’) and
m € M, it is not difficult to check that {rs,
a'my, = {rs,a’ym+ a’{rs,m},  and {a,
rsm}, = {a, rsim + rs{am},,.

Therefore rs € L(a’). By bilinearity, L (a’)
is a subspace of 4 so L(a’) is also a
subalgebra of 4 because the Poisson bracket
{— -} is a bilinear form.
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Let R(a) = {a’ € A: (iii) holds for all
m € M} and R = {a € A: (iii) holds for all
me M,a’ € A}. Forr, s € R(a) and m € M,
it is a routine matter to show that {{rs,

& ymyy = s, Adm} by = Ads Irsimy by

Therefore rs € R(a). By bilinearity, R(a)
is a subspace of 4, so R(a) is a subalgebra
of 4. Similarly, R is a subalgebra of 4.

As L(a) and R(a) are subalgebras
containing x, for all x, 1 <7 <n we have
R(a) = A = L(a). Hence R and L are also
subalgebras containing x, for all i, 1 <i <n,
soR=4=1L.

3. POISSON AUTOMORPHISMS

Let (R, {—,—}) be a Poisson algebra. We
say that a C-algebra automorphism o
R — R is a Poisson automorphism if for
all x, ye R oflx, y}) = {ofx), ()}

Poisson automorphisms can be used to
twist the module structures of a Poisson
modules, as specified in the following
theorem.

Theorem 3.1 Let 4 be a Poisson algebra,
let o be a Poisson automorphism of 4 and
let M be a Poisson module. Define a.m =
c(aym and {a,m}% = {o(a)m}, for all a € 4
and m € M. Then M is a Poisson module,
which we denote M? under —.—: 4 XM —
Mand {--}%: AXM— M.

Proof. It is well-known that M is an 4 -
module under —.— see [4], so it suffices to
check axioms (i), (i) and (iii) from 2.5 as
follows. Let a, a’ € A and m € M. Then,
for (1),

{a, d.m}% ={a(a),a’ .m},

- {a(a) o)},
={a(a).oa)ym + ad){la), m},,
= o{a, a'tm + a(a){a, m}®
={a d}. m+d. {a,m®.
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Similar calculations show
(1) {ad’'m}%=a{ad,m}* + d {am}
and
(@) {{aa’}tmpy; = {a{d'myp}y
= {d {a, m}}o.

Thus M* is a Poisson module.

Remark 3.2 Let M be a Poisson 4-module
and let o be a Poisson automorphism of 4.
Then the Poisson submodules of M*
have the form N* where N is a Poisson
submodule of Mand hence that is a simple
Poisson module if and only if M* is a
simple Poisson module. Also if J = ann M
is the annihilator of M then ann, M* =
o'(J).

4. EXAMPLES OF POISSON MODULES

In this section, we determine the finite-
dimensional simple modules for two
interesting examples.

Example 4.1 Let T be the C-algebra
generated by x, , z, t and ¢!, with ¢ central,
and the three relations
xy—tx = (- 1z
yz—tzy = (1= 1)x;
zx — txz = (¢ — 1)y. 4.1
If g € €\{1} then T/(t — g)T is isomor-
phic to the algebra the cyclically g —
deformed algebra U’ (so,) of [1, 2].
Let 4 := T/(t — 1)T = C[x, y, z] which is a
commutative polynomial algebra. The
induced Poisson bracket on 4 is such that

yl=m+z
oz =2y +x;
{z,x}=xz+y.

Here we are abusing notation by
writing x, y and z for both elements of T
and their images in 4. This Poisson bracket
on 4 is related to invariants of the Poisson
automorphism a of C[x}', xI'], where

fr,x}=x x, ofx)=x"and a(x)) = x;.
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If we write u, =—2x, u, =—-2yand u, = -2z
then

{uly u2} = u2u1 - 2u3

{uy, u} = uu, — 2u,

{uy, u} = uu, — 2u,

and the Poisson algebra of invariants for
o has the form A/I for the Poisson ideal
I = (uuu,— u?~ 1k~ u2+ 4)A of A. See
[6, Examples 3.3 and 3.6] for more detail.

Let J be a Poisson maximal ideal of 4.
Since A is a commutative polynomial ring
over C,J =(x—a, y—b, z— c) for some
a, b, c € C. As J is Poisson, {x, J} C J,
{», J} cJ, and {z, J} < J. Observe that yx
+z={x,y-bleJ—(x+y)={x, z—c}
€ J, zy +x = {y, z— c}e J. This happens
precisely when ab + c=ac +b=bc +a=0.
As ¢ = — ab, we have

0=0>0-a®b = a— ab? This implies
that a=%1 or 5=0. Similarly ¢ = Oor b=
tlanda=0orc=%1.If b=0thena=c
=0 and, similarly, ifa=0orc=0thena =
b = c¢=0. There are only five solutions, so
there are precisely five Poisson maximal
ideals:

J=xA +yA + z4

=+ DA+ +1D)A+ @+ 1)4

J=(+ DA+ (y-D4+E-1)d

J=(x-DA+ @+ DA +(E-1)d
and

Jo=(x =14+ @y -DA+(+ DA

The annihilator of any finite-
dimensional Poisson A4-module must be
one of these. We next classify finite-
dimensional Poisson module annihilated
by J,.

Lemma 4.2 Let M be a Poisson module
annihilated by J, = x4 + y4 + z4 and let
m € M. Then we have:

(i) xm =ym =zm = 0.

(i) x,m},, = {zym}, = {zx,m}, = 0.
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(ii)(@) {zm}, = {x, {pm}},~
D dxmi b

®) {xm}, = O {zm}, 3, -

{z, um},}p

(© {y:m},= {z, {xm} 3, ~

{x, Lzm}, 3,

Proof. This is a routine calculation.

Remark 4.3 Let M be a Poisson module
annihilated by J,. Let m € M be an
eigenvector for {x,-}  with eigenvalue
A€ C. Thus {x,m}, = Am. It follows from
Lemma 4.2 (iii) that

{x, {nm}, 3, = {zm}, + Aym}, (4.3)
{x, {zm}}, = Mzm}, — {ym},  (44)

o {zmb =z Db = (e}, = m.
| (4.5)

To simplify these, let u := 1(y-iz) and
v = 3(z-iy) and J,;=x4 + ud + vA.
It is a routine matter to check that u,v, and

x generate 4 so A= C[x,u,v] with the
Poisson bracket

{x,v} = —ixu —iv,

{xu} =ixv + iu,

{uv} = %(x + i(u? +1?)). (4.6)
It follows from (4.3), (4.4) and (4.5) that
{x, {um} b, = @A =0 {vm},, (4.7)

{x,{um} }, =@A+10) {um},, (4.8)
{u, {vm} }, —v{um} }, =32m. (4.9

Lemma 4.4 Let 4 = C[x,u,v] with the
Poisson bracket as in (4.6). Let d> 1. There
1s a d-dimensional Poisson 4-module M,
with basis {m m,...,m}, such that xM =
vM = uM = 0 and

0 {xm},=@A+ G- Dim, for1<j<d;
@) {vwmz}, =0 and {vm}, = - G-1)
(A+3G-2))m, for 1 <j<d,

(W) {wm},=m, for1<j<d and {um,;}
=0, where A = 1;“ i.

M
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Proof. Let M be a d-dimensional vector space
with basis {m m,,...m}. For 1 <j <d,
set xm;= um, =vm,= 0 and define {x,mj} s
{um}, and {vm }, in accordance with (1),
(i1) and (iii). It is a routine matter to check
that Definition 2.5 (i) and (iii) hold for
m=m, for 1 <j <d, when the pair {a,a’}
is (x,u), (x, v) or (u, v). We then extend
the Poisson action on M from V = Cx +
Cu + Cv to C[x,u,v] using Definition
2.5(ii). Thus M becomes a Poisson module
with the stated properties.

Lemma 4.5 Let d > 1. The d-dimensional
Poisson module constructed in Lemma 4.4
is simple as a Poisson module.

Proof. Let A=A+ (j—1)i, 1<j<d.
Note that 4 # 4, when j # k. Let N be a
non-zero Poisson submodule of M. Let
0#n =3 o m € N besuch that minimally
many of the coefficients o, € C are non-
zero and choose k so that ¢ # 0. Consider
the element

{onty, —An =22 a(d - A)m,. This
has one fewer non-zero coefficient than n
50, by minimality, it is 0 and hence o =0
when j # k, that is n = o, m,. Therefore
m, € N. By the Poisson action of u and
v, m.€ N for all j. SoN=Mand Mis a
simple Poisson module.

Lemma 4.6 Let M be a finite-dimensional
simple Poisson module annihilated by
J=ud + vA + x4 and let n < dim M.
There exist A € € and n linearly independent
elements m , m, ..., m € M such that

() {xm},=@A+(G-Dim, for1<j<n;
() {wm}, =0and {ym}, = - 2(-1)
(A+3(G-2)ym , for 1 <j<mn;

(i) {wm}, =m, for1 <j<n.

Proof. Let A = {A€ C: {x,m}, = Am for
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some 0 # m € M}. Since dim M < < the
linear transformation of M, with m—
{x,m} , has an eigenvalue, therefore A# @.
Let A € A. As x,u,v generate 4 and it
follows from (4.7) and (4.8) that {me M :
{x,m}, = (A+ni)m for some n € Z} spans a
non-zero Poisson module of M. Since M is
finite-dimensional, A € A can be chosen so
that A —i ¢ A. Let m, be an eigenvector
for {x,—}, with eigenvalue A. Since {x,{,
m} b,=A=i{v,m},, {v,m},=0. Thus
the result is true when n = 1. We proceed
by induction on n. Suppose that (i), (ii)
and (iii) hold for n and thatn+ 1 <dim M.
Then {u, m } # 0, otherwise Sp(m,,...,m )
is an n-dimensional Poisson submodule of
M, contrary to the Poisson simplicity of
M. Let m ,,={u, m }, in accordance with
(). By (4.8) {x, m } = (A + (n — 1))m and
fem, Y= (5 {wm = Gt nim,
in accordance with (iii). For (ii), observe
that

{ua {V, m,,}M - {V, {u’mn}M}M

=3{nm},.,
)
- %(n -DHA+ %(n =2)i){u,m_},
- {v’mrﬁ-l}M
~1(A+(n-Diym,
and hence,
ym_},=—3n-DA+ 30 -2))m, -

LA+ -Dim,.
It follows that
v,m 3}, =—3n(A+3(n-Dim,.

Note that, being eigenvectors for {x,~},,
with distinct eigenvalues, m , m.,...,m__ are
linearly independent. The result holds by
induction on n.

Theorem 4.7 Let M be a finite-dimensional
simple Poisson module annihilated by J, =
xA + ud + vA4 and let d = dim M. There
exist d linearly independent elements m,
m,,...,m € M such that
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o {x my, = A+(G -1 )iym,
for 1<j<4;
(i {wm},=-3 G- DA+ 3G-2)im_
for1<;<d;
(i) {u, mj}M=mj+1 for1<j<d,and {u,m},
=0, where A = — 41 .
Proof. By Lemma 4.6, there exist A € C
and linearly independent elements m
m,,...,m, of M such that
O {x m},= @A+ (G- Diym,
for1<5<4;
@) {wm},=-3G-DA+3G-2)0m_
for 1 <j<dand
@) {u,m},=m_ for1<j<d.
As dimgM = d, M = Sp(m,m,,...m ) and
is the sum of the eigenspaces for {x,-},,
and the eigenvalues A,A + i, ... A + (d- 1)i.
By (4.8),
{xa {u’ md}M}M = ()” + dl) {ua md}M
but A + di is not an eigenvalue of {u, m }
for {x, —} 480 {u, m}, = 0.By (4.9),
{u, {v,md}M}M— {V, {u9 md}M}M
= %(x’ md}M
- H(A+3(d-2)i) {u,m, },,
—3(A+ (d-1)i)m,
— H(A+i(d-2)i)m,
=1(A+(d-1)iym,
d(A+: (d=1)i) = 0
d-1

from which it follows that A = — e

M

We conclude from Lemma 4.4 and
Theorem 4.7 that for d > 1 there is a unique
d-dimensional simple Poisson module M
annihilated by J, as the following theorem.

Theorem 4.8 Let d > 1. There is a unique
d-dimensional simple Poisson module over
A, annihilated by J,. It has a basis m,
m,,...,m, such that
O fom, =G+ G- Dim,

for1<j<4d;
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W) {ym},=m,

im},=m  —5i(G-1)(A+3( -2))m,,

for 1 <j <dand {y m}, = - %i(d-1)
A d-Dim,,

(1i1) {z,m,} = im,,

{zzm} = im, —3( -1)(A+3( -2)i)m,_,
for 1 <j <d, {z,m}, = -3(d-1)(A+3
(d-2)iym, .

where 4 =121.

Proof. This is immediate from Lemma 4.4
and Theorem 4.7.

We next consider Poisson modules
annihilated by J,= (x + )4 + (y + 1)4 +
(z+ DA.

Lemma 4.9 Let M be a Poisson module
annihilated by
J,=(x+ 14+ (y+ D4 +e+)4
and let m € M. Then we have :
(@) xm =ym=zm=-m.
() @ Comb, =~ umb, o),
©) fzm}, =~ {m, ~{zm},,
© {xzm}, =—{zm}, ~{xm},,.
(i) @) L ym} b, — s femy ),
= {amb, ~{rm}, ~lym}
) D fzmb b, iz i
= um},—fm}, —zm
© flumb b, oz,
= um}, ~lom}, —zm},,.
Proof. This is a routine calculation.

The method used to classify finite-
dimensional simple Poisson module
annihilated by J, can be applied to classify
those annihilated by J,. Here we change
generators to x, y and u := z — x — yso that
J=(x+1A4+ @+ 14+ (u-1)4 and the
Poisson bracket is:

X, yp=x+1Dy+u+x,

{x, u} =—(x + D2y + u +x),

Goul =@+ Dy +u+2x). (410
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Adapting the proofs of Lemmas 4.2, 4.4,
4.5 and 4.6 and Theorems 4.7 and 4.8, we
obtain the following theorem.

Theorem 4.10. Let d > 1. There is a unique

d-dimensional simple Poisson module over

A, annihilated by J,. It has a basis m,,

m,,...,m, such that

O fom,=G - DA+j—2m,,
for 1 <j <d;

@) {pm},=m,, for 1 <j<d,
and {ym}, =0,

i) {2 = G — DA+~ 2m,+
(A+2(¢ - 1))mj+ m,, for 1<j<d,
and {zm}, =(d-1)(A+d-2)m,  +
(A+2(d-1))m,,

where A=1-d.

To classify the simple Poisson modules
annihilated by J, J, and J, we use the
simple Poisson modules annihilated by J,
twisted by Poisson automorphisms. Recall
that the Poisson bracket of 4 is

xyi=m+z
=2y +x
{z, x} =xz +y (4.11)

Let ¢, B and ¥ be the C-automorphisms of
A such that

) ax)=xa@) =-y a@=-z

@ Bx)=-xBO)=» Bl =-z

(i) y(¥) =-xy() =-»r@ =z

Then we can check that o, 8 and y are
Poisson automorphisms of R. Observe
that a(J) = J,, BJ,)) = J,and y(J,) = J;. As
a2 = B2 = y? = id, the simple Poisson
modules annihilated by J, are precisely the
Poisson modules M* where M is a simple
Poisson module annihilated by J. By using
the same method of simple Poisson modules
annihilated by J,, we can conclude that
for each d > 1 there is precisely one
d-dimensional simple Poisson module
annihilated by J,.
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Using  and 7 in place of « respec-
tively, we obtain the same conclusion for
J, and J,.

Theorem 4.11 For d > 1, the Poisson
algebra A has precisely five d-dimensional
simple Poisson modules.

Proof. This is immediate from Theorem
4.8, Theorem 4.10 and using the Poisson
automorphisms of A4.

Our second example arises from the
quantized enveloping algebra U (sl,)
using a presentation discovered by Ito,
Terwilliger and Weng [3].

Example 4.12 Let g # * 1. The quantized
enveloping algebra Uf(s/,) has a presentation
[3] with generators x*!, y, z and relations
xx'=xx=1,

qxy-q~'yx _

WL P, (4.12)

qyz-q~'zy

T =1, (4.13)

qzx—q~‘xz _

AT =1, (4.14)
Alternatively, the relations may be written
as

gxy—-q" yx = q-q7, (4.15)

qz=q"' zy = q-q", (4.16)

qzx—q~' xz = q—q7". (4.17)

If ¢ = 1 then these become
xy—yx = 0, yz-zy = 0, zx—xz = 0. (4.18)

Let T be the C-algebra with the generators
x, x5,z and £ subject to the relations

xy—t2 yx = 1-t7 (4.19)

yz—t?tzy = 1-13, (4.20)

=t xz = 1-17, (4.21)
and

Xt = tx, yt = ty, zt = 1x,
tt=1=1¢1t".
Thus t is a central element of 7. Note that
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T=TNt-q)T=U,(sl,) and T/(t - 1)Tis the
commutative algebra B := C[x*!, y, z]. By
Definition 2.4, there is an induced Poisson
bracket on B. In T, [x,y] = xp—yx = t 2 yx—
yx+(1-t7%) =(1-¢?)(1-yx) therefore, in B,
{x,y} =2(1-yx). Similarly, we obtain {y,z}
=2(1-zy),{z.x} = 2(1—=xz).

There are two Poisson maximal ideals
of B:
® 1,=@x-1)B+ (-1)B + (z-1)B;

(i) L= (+1)B + (#+1)B + (z+1)B.

Setu=x+yandv=x+zand =
(u=2)B + (v=2)B + (x—1)B.Then x*',u,v
generate B and, in terms of the new
generators, the Poisson bracket becomes

{xu} =2(1 — ux+x?),

{x,v} =-2(1 —vx + x?),

{uv} =-2(1 = x(2v + 2u — 3x)+vu).

Applying the same method as before,
we find that, for each d > 1, there is a
d-dimensional simple Poisson B-module M,
annihilated by I, with basis {m,,....m},
such that (x - DM = (u—-2)M=(v-2)M =0
and
(¥ {xm}, =(d—-2j+m

for1<j<d,

(i1) fwm},=4G -G —d-Dm_

for 1< <d,

(@) {wm},=m, for1<j<dand

{umy, =0.

In terms of x,y and z.
O fom,=(—2G-ym,

for 1<j<d,

@ mp,=m, —(d-2+ ym,
for1<j<dand {ym}, =(d-1)m,
(1) {zm}, = 4G — D)(-d-Dm_, —

(d -2+ m,, for1<;<d
where A=d —1.

To classify the finite-dimensional
simple Poisson modules annihilated by I,
we make use of the C-algebra Poisson
automorphism o of B such that

ax)=—-x, () =—-y, ox(z) =—z.
Note that o(1,) = I,. The finite-dimensional

Chiang Mai J. Sci. 2012; 39(4)

simple Poisson modules annihilated by 7,
are precisely the modules M* where M is
finite-dimensional simple Poisson modules
annihilated by 7, . Hence there are two d-
dimensional simple Poisson modules for
eachd>1.
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