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This paper is devoted to study some properties of prime and primary submodules. First,
by using the notion product of two submodules of a multiplication module we studied the
radical of such submodules and related results. Second, we gave a condition which allows us
to determine whether submodules of a module have ptime radical.
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1. INTRODUCTION

To extend the concepts of prime ideal,
primary ideal and the product of two ideals
from the category of rings to the category of
modules has stimulated several authors to
show that many, but not all, of the results in
the theory of rings are also valid for modules
(see, for example, [1-3]).

Before we state some results let us
introduce some notation and terminology.
Throughout this note all rings will be
commutative with identity and all modules will
be unitary. If R is a ring and N is a submodule
of an R-module M, the ideal {reR : tMcCN}
will be denoted by (IN:M). Then (0:M) is the
annihilator of M. An R-module M is called a
multiplication module if for each submodule
N of M, N = IM for some ideal I of R. In
this case we can take [=(IN:M) (see [2]).

Let M be an R-module and N be a
submodule of M such that N = IM for some
ideal I of R. Then we say that [is a presentation
ideal of N. Clearly, every submodule of M
has a presentation ideal if and only if M is a
multiplication module. Let N and K be
submodules of a multiplication R-module M
with N'= I, M and K = LM for some ideals ],
and I, of R. The product N and K denoted

by NKis defined by NK = I, L,M. Then by [1,
theorem 3.4], the product of N and K is
independent of presentation of N and K.
Moreover, for a6 € M, by ab, we mean the
product of Rz and Ré. Clearly, NK is a
submodule of M and NK < NNK.

A proper submodule N of a module M
over a ring R s said to be prime (resp. primary)
if for each r € R the R-endomorphism of
M/ N produced by multiplication by ris either
injective or zero (resp. nilpotent), so (0:M/
N)=P (resp. nilrad (M/IN)=P") is a prime ideal
of R, and N is said to be P-ptime submodule
(resp. P’-primary submodule). So N is prime
(resp. primary) in M if and only if whenever
rmeN, for some reR, meM, then meN or
MCN (resp. meN or *McN for some £).
Therefore, every ptime is primary.

For any submodule N of an R-module
M the radical, Rad(N), N is defined to be the
intersection of all prime submodules of M
containing N and Rad(N)=M if N is not
contained in any prime submodule of M.

An R-module M is said to be secondary
if M#0 and for each reR the R-endomor-
phism of M produced by multiplication by r
is either surjective or nilpotent, so nilrad (M)=P
is a prime ideal of R, and M is said to be P-




secondary (see [4]). Let N'be an R-submodule
of M. Then N is pure in M if IN=NNIM for
each ideal I of R.

The purpose of this paper is to explore
some basic facts of these class of submodules.
In section 2 we turn our attention to prove
that some of the results in the theory of rings
are also valid for multiplication modules. In
section 3, various properties of prime
submodules of a module are considered. For
example, we show that over a one-dimensional
domain R, for any submodule N of a
secondary module M, Rad(N) is a prime

submodule.

2. THE PRODUCT OF MULTIPLICATION
SUBMODULES

Note that it is possible that for a submo-
dule N of a module M, has no presentation
ideal. For example, if M is a vector space over
an arbitrary field F with dim (M)=k>2, then
M s finite length, so M is notherian, artinian,
and pure-injective, but a proper subspace
N#0 of M has not any presentation.
Moteover, M is not multiplication.

Proposition 2.1 Let N be a submodule of a
faithful multiplication module M over a PID.
Then :

(i) Nis multiplication.

(ii) N#0 is a prime submodule of M if
and only if N is 2 maximal submodule of M.

Proof. (i) There exists an ideal I of R such
that N = IM, so I is a principal ideal of R, and
hence it is multiplication. Now the assertion
follows from [5, lemma 1.4] (note that over
an integral domain, every faithful multiplica-
tion module is finitely generated).

(if) This follows from [6, theorem 2.5 and
corollary 2.11]. |

Lemma 2.2 Let N be a prime R- submodule

of a finitely generated multiplication module

M. Let N,, N, .., N be submodules of M.

Then the following stitements are equivalent:
() N2 N, for some j with 1 <7< 7.

(#) N2 z—lN
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@) N2 IT. N; .

Proof. It is clear that (i) = (i) and
(i) = (iii).
(iii) = (i) We have N = PM ahd N, =
IM for some ideals Pand I(1 <7< ) of R
with P prime. Then P = P+(0:M) 2 IT.I by
[7, p.231 corollaryj, so P2 I for some by [8,
lemma 3.55], and hence N D N, as required.
]

Corollary 2.3 Let N be a prime R-submodule
of a finitely generated multiplication module
M.LetN,, N,,....IN, be submodules of M such
that N = V-iN,. Then N = N, for some j
with 1 </< 7

Proof. This follows from lemma 2.2. O

Proposition 2.4 Let M be a non-zero
multiplication R-module, and assume that M
is annihilated by the product of finitely many
(not necessarily distinct) maximal submodules
of M. Then M is a noetherian R-module if
and only if M is an artinian R-module.

Proof. Let M, M,,....M, be maximal sub-
modules of M such that

MM,.. M M= 0
There are maxjmal 1deals Pv P,,...P, of Rsuch
that M, = PM with (1 <i< ) by [6, theorem
2.5]. It follows that PP,.PM = 0. Now the

assertion follows from [8 theorem 7. 30 O

Lemma 2.5 Let N,K be submodules of a
multiplication R-module M. Then

() If NcK, then (K/N)* = (K"+N)/N
for each positive integet 7.
(i) If NCK, then Rad(K/N) = (Rad(K))/

N.
(i) If M is finitely generated and N is a
prime submodule of M, then Rad(N") = N

for each positive integet 7.

Proof. (i) Since a quotient of any multiplica-
tion R-module is multiplication it follows
from[1,Lemma2.6], that (K/N)" = (K/N :
M/N)M/Ny"
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=(K:M)"M/N=((K: My M+N)/N =
(K* + N)/N.

(#) We have Rad(K/N) = (Rad(K/N: M/
N).(M/N) = (Rad(K:M)).(M/N) =
(RadK+N)/N = (RadK)/N by [6, theorem
2.12].

(#i2) Since N is prime it follows that (IN :
M) = Pis a prime ideal of R. By [6, theorem
2.12] and [1, lemma 2.6], we have:

Rad(N*) = (Rad(IN* : M))M = (Rad(IN :
M)"M = Rad(PYM = PM =N O

Proposition 2.6 Let N be an R-submodule
of a finitely generated multiplication module
M such that Rad(IN)=K, a maximal sub-
module of M. Then N is a primary submodule
of M. Moreover, K" is primaty for each
positive integer 7.

Proof. Since N ¢ Rad(N) = K # M, it is clear
that N is a proper submodule of M. Let r€R
and m€M be such that €N but r¢ Rad(l)
where I = (IN:M). By [6, theorem 2.5], there
exists a maximal ideal P of R such that K =
Rad()M = PM. Therefore, Rad(l) is a
maximal ideal of R, so we must have
Rad(l)+Rr= R, so that [+Rr= R by [8, exer.
2.25]. Thus, there exist €], f€R such that 1
= a+tr,and hence m = am+trme N. Therefore,
N is primary.

The last claim is now an immediate
consequence, because Rad(K") = K for all
positive integer 7, by lemma 2.5 (jii) (since every
maximal submodule is prime). O

Lemma 2.7 Let R be a commutative ring, M
be an R-module, and N be a P-prime sub-
module of M. If K is a submodule M with
KzN, then NNKis a P-prite submodule of
K

Proof. This follows from [3, Lemma 1.6] [J

Lemma 2.8 Let R be a commutative ring, M
be a multiplication R-module, and P be a
prime submodule of M. If N is a pure sub-
module M with NP, then NP is a prime
submodule of N.

Proof. By Lemma 2.7, it is enough to show
that NMP = NP. There are ideals and Jof R
such that N = IM and P = JM, so NNP =
NNJM = JN = IJM = NP since N is pure in
M, as required. O

Proposition 2.9 Let N be a primary R-
submodule of a finitely generated multiplica-
tion module M. Then whenever ¢,/ M with
(Ra).(Rh) = Nbut Raz N, then R  Rad(IN).

Proof. Assume that N is primary and let
(Ra).(Rb) < Nwith Raz N. There exist ideals
A, Iand | of R such that N = AM, Ra = IM
and Rb = JM respectively (see [6, proposition
1.1]). Since Rz = IM@N, there exist re] and
meM-N such that 7z¢N. If s€] then rom =
s(rm)el]M < N, so seRad(A), and hence
JSRad(A). Thus, Rb = JM < Rad(AM =
Rad(N) by [6, theorem 2.12], as required. []

Lemma 2.10 Let N, K be submodules of a
multiplication R-module M with K is finitely
generated and K< Rad(N). Then K" < N for

some 7.

Proof. Let K = Ra7+Ra2+...+Raé, and let
I,1,..I be presentation ideals of @pyesd,,
respectively. There are positive integers SpyeesS,
such that 4" = I'M c Nby [1, theorem 3.13]
(1 <7< 4). Let n = max{s,,...,s,}. It follows
that
K=(IM+.+IMy=(I +.+1)Mc N.
0

Definition 2.11 Let M be a multiplication R-
module. A zero divisor in M is an element
a€M for which there exists be M with b # 0,
such that a.b = Ra.Rb = 0,,.

Theorem 2.12 Let N be a primary R-
submodule of a finitely generated multiplica-
tion module M. Then the module M/N has
the property that every zero divisor in M/N
is nilpotent.

Proof. Suppose that N is primary. Let e M
be such that the element 4 = z+Nin M/Nis




zero divisor, so that there exists 4€M such
that 4 = b-kN#OWN bu_t a.b = 0.LetIand ]
be presentation ideals 4 and &, respectively
(since a quotient of any multiplication K-
module is multiplication). Clearly, (Ra: M) =
(Rz': M/N) and (R6: M) = (Rb : M/N). Then
(R2).(R) = I)M/N = N, so Ra.Rb =
(IM).(JM) < N with Rb ¢ N. Then Ra C
Rad(N) by proposition 2.9, and it follows
from [1, theorem 3.13] that (IM)* = (Ra)*C
N. Therefore we have (a)*= 0, as needed.
O

Theorem 2.13 Let M be a finitely generated
faithful multiplication over a commutative ring
R. Then R is an integral domain if and only if,
whenever N.K = 0, then either N =0 or K=
0 for all submodules N and K of M.

Proof. Assume first that R is an integral
domain and let N and K be submodules of
M. There exist ideals I and | of R such that
NK = (IM).JM) = I]M =0, so I] = 0, and
hence either I = 0 or ] = 0. Thus, either N =
IM = 0 or K= JM = 0. Conversely, suppose
that rs = 0 with 7 # 0 for some 7,5 € R. Then
A = (RAM and B = (R9)M are submodules
of M with .4.B = 0. By hypothesis, B =0, and
hence s = 0, as required. a

3. THE RADICAL OF A SUBMODULE

We believe lemma 3.1 is known, but we
do not know an appropriate reference, so we
include a proof.

Lemma 3.1 Let R be a commutative ring. If
every proper ideal of Ris primary, then Ris a
local ring;

Proof. First, we show that if Pand I are ideals
of R with P prime, then either IC Por PC L
Assume that I Pand choosea € I-P. Let &
€ P. Then ab € PI and Pl is primary ideal, so
we have either b € Pl or a” € PI for some .
Butif #” € PIcC P, then a € P, and this contra-
dicts the way a was chosen. Thus we must
have 4 € PI and hence P c PI Therefore, P
= PI c I. Now let M be any maximal ideal of
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R. Then M is comparable to any proper ideal.
If M' is any maximal, then M and M’ are
comparable, so M = M, as required.  [J

Theorem 3.2 Let R be a commutative ring
and M # 0 be an R-module. If every proper
sub-module of M is 4 ptrimary submodule
of M and M # T(M) where T(M) = {m € M:
rm = 0 for some r € R, r# 0}, then Ris a
local ring,

Proof. Let » € M - T(M), so (0: m) =0, and
hence R7z = R as R-modules. Clearly, every
proper submodule of the R-module Rz = R
is a primary submodule, hence R is local by
lemma 3.1. , O

Proposition 3.3 Let M # 0 be a multiplication
module over a commutative ring R. If every
proper submodule of M is a primary sub-
module of M, then M is cyclic.

Proof. This follows from theorem 3.2 and
[2, proposition 4]. O

Contrary to what happens in rings, the
radical of a primary submodule is not, in
general, a prime submodule (see [9, p. 5038]),
but we have the following results:

Proposition 3.4 Let M be a multiplication
R-module. Then if Nis a primary submodule
of M, then Rad(M) is a prime submodule of
M.

Proof. Assume that Nis a primary submodule
of M. Then I = (N : M) is a primary ideal of
R by [10, sec. 2.8 proposition 18]. Since Rad(l)
is a prime ideal of R, it follows from [6,
corollary 2.11] that Rad(N) = Rad()M is
prime, as required. a

Theotem 3.5 Let R be a one-dimensional
domain and M be a P-secondary R-module.
Then for any submodule N of M, Rad(N) is
a ptime submodule.

Proof. Consider the ideals (K : M) for any
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prime submodule K containing N. These
ideals are prime and N C K implies (N:M) <
(K:M) which in turn implies P = Rad(IN:M) <
Rad(K:M) = (K:M) for all such K (note that
M/N is P-secondary by [4, Theotem 2.4]).
For one of these prime submodules K, we
generate the chain of ideals 0 € Rad(IN:M) ¢
(K:M). Then Rad(K:M) = (K:M) = P for every
prime submodule K containing N since
dim(R) = 1. Moreovér, (Rad(IN):M) =
(Nyex KM=\ KM) =P Let 7ra
Rad(N) for some r € R and 2 € M-Rad(NN).
Then there exists a ﬁ}ime submodule Nc K
of M such that a ¢ K, so r € P, as required.
O

Corollary 3.6 Let M be a secondary module
over a Noetherian domain R. If every prime
submodule of M contains only finitely many
prime submodules, then for any submodule

N of M, Rad(N) is prime.

Proof. By Theorem 3.5, it is enough to show
that dim(R) = 1. There exists a free R-module
F with f: F>M an R-module epimorphism.
By [11, Result 1.2], if every prime submodule
of M contains only finitely many prime
submodules, then every prime submodule of
F containing Ker( /) contains only finitely
many prime submodules. Now the.assertion
follows from [9, Corollary 1.4]. O

Corollary 3.7 If R is a one-dimensional
domain and M is a torsion module such that
0 is a prime submodule, then for any sub-
module N of M, Rad(N) is a prime sub-
module.

Proof. By Theorem 3.5, it is enough to show
that Mis a secondary module. As M is torsion,
(0:M) = P # 0 and since 0 is prime, P is a
prime ideal of R. Let # € R. If 4 € P, then
aM = 0.1If a ¢ P, then by [9, theorem 3.14]
we have aM = M, as required. O
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