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Octonions are generalization of quaternions. In this work, we are interested in hyperbolic (p, g)-Fibonacci octonions, which are structures that generalize octonions and
(p, g)-Fibonacci numbers. We prove some basic properties of hyperbolic (p, g)-Fibonacci octonions, such as the Binet’s formulas.

INTRODUCTION

Hamilton invented quaternions in 1843. It can be used to show rotations in three-
dimensional space, and have applications in computer graphics, robotics, and aerospace
engineering. Quaternions are also used in many areas of mathematics, such as differential
ceometry and number theory [1].

On the other hand, octonions are generalization of quaternions. In this work, we are
interested in hyperbolic (p, q)-Fibonacci octonions, which are structures that generalize

(p, q)-Fibonacci numbers.

PRELIMINARIES

Definition 2.1.1 [2] Let p and ¢ be positive integers. Define F,,,, by
prq’n — pr,q,n—l —I_ qu,Q,n—Q fOI’ n 2 2

with the initial conditions F, .0 = 0 and F, .1 = 1. The sequence {F}, ,» x>0 is called the
(p, q)-Fibonacci sequence. Each term F},, ,, in the (p, q)-Fibonacci sequence is called the

n-th (p, ¢)-Fibonacci number.

Definition 2.2.1 [2] The Binet’s formulas for the (p, q)-Fibonacci numbers are defined by

R" — RI
F = 1 2
p.q, Rl_RQ?
where
2 4 . 2 4
Rl—p+\/§+ q and R2:p \/g+ q

are roots of the characteristic equation R — pR — q¢ = 0. Then, we have Ry + Ry =
p, R — Ry = \/p* +4g and R1Ry = —¢.

Definition 2.3.1 [1] A hyperbolic octonion g is an element of the form

0 = 0o + 0111 + 0212 + 0313 + 04€4 + 05€5 + Pe€s + O7€7,

where 0p, 01, 02, 03, 04, 05, 06, 07 are real numbers, and 1,11, 19, 13, €4, €5, €6, €7 are basis ele-

ments satisfying the following properties:

- - -

i1 =45 = i3 = i19903 = —1,
1122 — 13 — —1l201, 1213 = 11 =— —13%9, 1301 — 13 =— —1113,

Definition 2.4.1 [3] Let p and ¢ be positive integers, and let n > 0 be an integer. The
hyperbolic (p, q)-Fibonacci quaternion HQF, , , is defined by

HQEp g0 = Fpgn + Fpantits + Fpgniaia + Fpgniats,

where F, ., is the n-th (p, q)-Fibonacci number. Here 1,4y, 5,3 are satisfying the condi-

tions:

i = 45 = 13 = d149i3 = 1,

11l = 13 = —1211, 1213 = 11 = —13l2, 1311 = 12 = —1113.

OBJECTIVES

1. To study the definition and structure of hyperbolic (p, ¢)-Fibonacci octonions.

2. To prove some basic properties of hyperbolic (p, g)-Fibonacci octonions, such as the

Binet’s formulas.

RESULTS

Definition 3.1.1 Let p and ¢ be positive integers, and let n > 0 be an integer. The hyper-
bolic (p, ¢)-Fibonacci octonion HOF, ,,, is defined by

HOF, g0 = Fpgn + Fpgni1ts + Fpgniate + Fpgniats
+ Fpgnta€s + Fpgnis€s + Fpanie€s + Fpgnirer,

where F, ., is the n-th (p, q)-Fibonacci number. Here 1,141, 4, i3, €4, €5, €6, €7 are basis ele-

ments satisfying the conditions:

L1l = 13 = —lgl1, 1203 = 11 = —1i3lg, 1301 = Iy = —1113,
: : : 2 2 2 2
11€4 = €5, 19€4 = €g, 1364 = €7, €, =€ =€z =€ = 1.

Definition 3.1.3 Let p and ¢ be positive integers, and let n > 0 be an integer. Then
HOF,,, is defined by

HOFp g0 = Fpgn — Fpgnt1t1 — Fpgniale — Fpgnisls
— Fpgnta€s — Fpgnis€s — Fpgnie€s — Fpgnirer,

where F), , , is the n-th (p, q)-Fibonacci number. Here 1,4y,12, 13, €4, €5, €6, €7 are basis ele-

ments satisfying the conditions:
i3 = i2 = 13 = G188 = —1,
111y = 13 = —i9%1, 193 = ] = —lgly, 1301 = lg = —ll3,
?;164 — €54 ?:264 — €g, ?:364 — €7, 6?1 — Gg — E% — 6? = 1.

Theorem 3.2.1 Let p and ¢ be positive integers, and let n > 0 be an integer. Then the

following are true.

1. HOF,,n+ HOF, ., = 2F, ,»

2. HOF,,, — HOF, , = 2HOF, ., — 2F, .,

3 7
3. HOFp,q,nHOFp,q,n — Zz':() F]iq,n—l—z' o Zz’:4 F192,q,TL+'é

Theorem 3.3.1 Let p and ¢ be positive integers, and let n > 0 be an integer. We have

R"R, — R'R,
HOF,,, = — Ri — Ri 2,

2 4 _ 2_|_4
where R1:p+\/§ + q,Rzzp \/g q)

Ry =1+ Ryiy + R%s + R3is + Ries + Ries + Rbes + Rler,
Ry = 1+ Roiy + R2ip + R3is + Rlies + Ries + RSeg + Rler.

CONCLUSION

In this work, we study the definition and structure of hyperbolic (p, q)-Fibonacci octonions.

In addition, we prove some basic properties and Binet’s formulas.
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