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Abstract

Given a set of edge pairs in a complete bipartite graph, the objective is to find a bipartite b-matching that includes the maximum number of these edge
pairs. The original problem, known as the maximum edge-pair embedding bipartite matching [1], was demonstrated to be NP-hard and inapproximable by
Nguyen et al. in 2021. Building on this, and being inspired by the optimization of reconfigurable networks, we extend the problem in this paper to consider
b-matchings, with a focus on scenarios where the number of edge pairs per node is bounded. Let k represent the maximum number of edge pairs that can
be incident on a single node. We prove that when k > b, the problem is NP-hard. For the case when b = 2, we provide exact algorithms for k =1, 2.
Additionally, for any values of k and b, we provide a 0(k)-approximation algorithm for this problem.

Preliminaries

b-matching NP-hardness Maximum edge-pair embedding
A b-matching is a subgraph of any graph G such A problem is in the class NP if for all inputs for which blp(] rtite b—mdtching (MEEBbM)
that any node has degree of at most b. the answer is ‘yes’, this positive answer can be

verified efficiently. A problem is NP-hard if all Consider two sets of nodes S = {sy,...,s,} and P = {p1,...,pn} such that m > n.

O ® . - . .
‘M problems in NP can be reduced to it. [2] Alsto, consider a complete bipartite graph G = (S, P, E). We are given é set of edge
:><: ‘/\‘ pairs D C {{ei.e;} : ei.e; € E and e; # ¢;}. We denote the collection of the b-
o matchings by M,. Our problem, called the Maximum Edge-pair Embedding Bipartite

Basically, a set of very hard problems.

Graph G I-matching 2-matching b-matching (MEEBbM), asks for a b-matching M € M, that embeds the maximum
or . number of the edge pairs in D. The edge pair {e;.¢;} is embedded in M if and only
matchin d d if M .
g M GXI m u m I n e pe n e nt if M includes both ¢; and e;. In other words, we want to find

arg max |{d C M :d e D}|.

Bipartite Graph Set problem (MIS)

A bipartite graph is a graph such that its set of Graph G Setofedge pairsD  2-matching M
of V is an independent set if there are no edges in E

nodes can be partitioned into two disjoint sets ¢
between any two nodes of S. :74/‘

l.e. there are no edges which connect any two
nodes between the two sets. ’ —
/}/<“ The Maximum Independent Set problem asks for a \ ’/: :><:
\<: largest independent set of nodes in any given g FdgeSINE 5 color is 1 edge pair  Embeds 4 edge pairs
><‘ /o/

Given a simple graph G = (V, E), a subset of nodes S

graph. The problem is known to be NP-hard. 6 edge pairs in total (no pink and teal)

N

Besides the parameter b (from b-matching), we

Examples of bipartite graphs, where the two sets of nodes The set of nodes colored in also consider cases such that each node is in less
are the set of teal nodes and the set of blue nodes. is an independent set .
. and it is a largest than or equal to k edge pairs. We let b and k be the
PI‘ObleI N Red LICtIOh independent set of this parameters for this problem.

. ifi h.
To transform a problem P into another problem Q PPeETiE 9rEp

such that it allows us to solve P in terms of Q. For example, the above instance has b = 2 and k = 4.

Results for MEEBbM

NP-hardness of MEEBbM b=2

We have proven that the problem MEEBbM is NP-hard for k > b. The proof uses a For k =1, the problem is trivial, as the solution is to embed every edge pair in D.

reduction to the Maximum Independent Set problem on 4-regular graphs. . o .
For k = 2, the problem can be solved in polynomial time by reducing the

problem to a Maximum Independent Set (MIS) problem on bipartite graphs.

o — Arbitrary b

S3 N P3 This approximation algorithm can be used for any k and b. It has an
S4 O/ﬁ Da approximation ratio of 4k-3, i.e. Objective value of optimal solution < 4k-3.

Objective value of any approximate solution

eq Input: The set of edge pairs D
Output: (1) A b-matching M. (2) A set of edge pairs in D contained in M,
denoted by S.
1\ M+ 9,5« T;

dz = {€4r 88}

u,l = {{SE’.r Pz}: {54! pS}}

Triviq | Cases 2 while there is d = {e,, e} such that d ¢ S and M Ud is a b-matching do
3 M+ Mud, S+ Su{d}
By the nature of b-matchings, if k is less than (b-1)/2, then we can embed every o 4]
edge pair in M, and so these cases are solvable in polynomial time. s return M, S
C I . Keywords
OnC USIOn bA Quadratic Assignment, Approximation Algorithm, Computational
. . . . k=5b Complexity, b-matching.
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