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ABSTRACT OBJECTIVE

1. To study the existence of endpoints for generalized Berinde G-nonexpansive map-
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In this study, we introduce the concept of generalized Berinde G-nonexpansive map-
pings in Hadamard spaces endowed with graphs and obtain an endpoint theorem for such pings In Hadamard spaces with graphs.

tion for generalized Berinde G-nonexpansive mappings in Hadamard spaces endowed with an endpoint of generalized Berinde G-nonexpansive mappings in Hadamard spaces

graphs. with graphs.

PRELIMINARIES

Let GG be a directed graph with a set of vertices V(G) and a set of edges E(G). In this Let C' be a nonempty subset of X and {z,} be a bounded sequence in X. The
study, we assume that G contains all loops. Let z,y € V(G). We say that x dominates y
if (z,y) € E(G). Let A and B be nonempty subsets of V(G). We say that A dominates

(y) (G) Py (©) Y r(C,{z,}) :=inf {limsupd(z,,z) : z € C}.

B if (a,b) € E(G) foralla € Aand b € B. n—00

Let (X, d) be a metric space, C' a nonempty subset of X and G = (V(G), E(G)) a
. co .
directed graph such that V(G) C C. We denote by C B(C) the family of nonempty closed A(C.{z,}) = {z € C : limsupd(z,, z) = r(C, {z, )}
bounded subsets of C' and by K (C') the family of nonempty compact subsets of C'. The n—o0

asymptotic radius of {z,} relative to C is defined by

The asymptotic center of x,, relative to C'is the set

distance from a point z in X to a nonempty subset B of X is defined by Definition 2.6. Let C be a nonempty closed convex subset of X and z € C'. Let {z,} be

dist(z, B) := inf{d(z,b) : b € B}. a bounded sequence in X. We say that {z,} A—converges to z if A(C,{un}) = {z} for

The radius of B relative to z is defined by every subsequence {u,} of {z,}. In this case we write A — lim,,_,oc T, = .

Definition 2.8. Let C be a nonempty closed convex subset of X and G = (V(G), E(G))
be a directed graph such that V(G) C C. Then C'is said to have property G if for any

sequence {z,} in C such that A —lim,,, z, = x € C, there exists a subsequence {z,, }
of {z,} such that (z,,,x) € E(G) for all k € N.

R(x,B) := sup{d(z,y) : y € B}.
The Pompeiu-Hausdorff distance on C'B(C) is defined by

H(A, B) := max {sup dist(a, B), sup dist(b, A)} forall A, B € CB(C).
acA beB . .
Let C' be a nonempty subset of (X,d) and T : C' — K(C) be a multi-valued mapping.

A point z in C'is called an endpoint of T if T'(z) = {x}. We denote by End(T) the set
of all endpoints of T'. A sequence {z,} in C'is called an approximate endpoint sequence
for T if lim,,_,o R(x,,T(x,)) = 0.

A multi-valued mapping 7' : C — CB(C) is said to be edge-preserving if for each
(z,y) € E(G), the following implication holds:

ueT(x),veT(ly) = (u,v) € E(G).
Let C' be a nonempty convex subset of X, and {«a,}, {8.} be sequences in [0, 1], and

Definition 2.1. Let C' a nonempty subset of X and G = (V(G), E(G)) a directed graph

such that V(G) C C. A multi-valued mapping T': C — CB(C) is said to be
generalized Berinde G-nonexpansive if T is edge-preserving and there exists L > 0

such that

T :C — K(C) be a multi-valued mapping. The sequence of Ishikawa iteration is defined
by T € C,
yﬂ — (1 _ 5?’1):1:‘11 @ ﬁﬂzﬂ: n E N: (2)

where z, € T'(z,) such that d(z,, z,) = R(yn, T(x,)), and

H(T(z),T(y)) <d(z,y)+ L- R(z,T(z)) for all (z,y) € E(G).

Tni1 = (1 — )z, @ aﬂz,:” n €N (3)

Definition 2.5. A Hadamard space is a complete geodesic space X which satisfies the (CN) , ,
where z € T(y,) such that d(y,, z,,) = R(x,.,T(y.)).
inequality of Bruhat and Tits:

&(tx @ (1 —t)y,2z) < td*(z,2) + (1 —t)d*(y,2) — t(1 — t)d*(z, y), (1)

forall z,y,z € X and t € [0, 1].

MAIN RESULTS

Theorem 3.1.2 Let C' be a nonempty closed convex subset of X. Let G = (V(G), E(G))
be a directed graph such that V(G) C C and C has property G. Let T : C — K(C) be a
generalized Berinde G-nonexpansive mapping. Then T has an endpoint if and only if T

In conclusion, the integration of graph theory into the study of Endpoints within

Hadamard spaces provides a more generalized framework than traditional metric spaces.
The results obtained in this study provide important insights into the conditions required for

has the approximate endpoint property. the existence and approximation of endpoints for a broad class of multi-valued mappings.
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