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Octonions form an eight-dimensional vector. In this work, we extend the theory of hypercomplex
numbers by introducing two new types of octonions, namely hyperbolic Leonardo octonions and
hyperbolic Francois octonions. The main objective of this independent study is to investigate and
establish the fundamental algebraic properties of these newly defined structures. In particular, we
derive Binet-type formulas, which enable the direct computation of the n-th term without relying
on recursive processes. Furthermore, explicit formulas for conjugates and norms are obtained.

Objectives

1.To study the definition and structure of hyperbolic Leonardo and hyperbolic Francois

octonions.
2.To prove some basic properties of hyperbolic Leonardo and hyperbolic Francois octonions,

such as the Binet's formulas, conjugate and norm.

Preliminaries

Definition 2.3.1 [4] Let n > () be an integer. The Leonardo sequence {L, } is defined by

recurrence
L“ — ]. Ll — ]. Eir_'ll:l _L”_._g — .I[.-“_|_1 - L“ —|— ].
where L,, is the n-th Leonardo number.
An expression of the relationship between Leonardo and Fibonacci numbers is
L,=2F,.1—1. n =1
First few terms of these sequences are
1, 1, 3, 5. 9, 15, 25. 41, 67, 109, ...

Theorem 2.4.1 [4] Let n = () be an integer. The Binet formulas for the Leonardo sequence

is defined by
n+1 Lij“-'_l
Ln = 2(” : ) ~1.
a— 3
where
1 ++/5 1-+/5
F = 5 and 4 = 5

Definition 2.5.1 [4] Let n > 2 be an integer. The Francois sequence {F,} is defined by
Fn — Eh—l _I_Fri-,—‘;.?' + 1
with initial conditions Fy, = 2 and F} = 1. Here, F}, is the n-th Francois number. First few

terms of this sequence are,
2, 1,4, 6, 11, 18, 30, 49, 80, 130, 211.

The recurrence can also be written as follows

Definition 3.1.1 Let n > 0 be an integer. The hyperbolic Leonardo octonion {OL,} is

defined by
OL, =Ly + Lyt + Lpyoto + Lypysis + Lpyges + Lypises + Lpyges + Lty

where L,, is the n-th Leonardo number and iy, iy, i3 are quaternion imaginary units, e4(ej =

1) is a counter imaginary unit. The bases of hyperbolic octonions are defined as follows:

{1€4 — €5, 12€4 =— €, 13€4 =— E7, :’:i — f-f.‘.-i — f-ff} — €r = 1.

Definition 3.1.3 Let n = () be an integer. Then {OL, } is defined by

(-}L.r.: - -'["u o L.r.:+lf.l o Ln+';.""';';." o -'T—-".'L-—:i;'-l-:i o L.r.:+-lﬁ-L o -'T—-".'L-—ﬁﬂﬁ o L.r.:+ﬁﬁﬁ o -'[".'L-—_r'f'-:_r'
where L, is the n-th Leonardo number and i1, 2, i3 are quaternion imaginary units, e4(es =
1) is a counter imaginary unit. The bases of hyperbolic octonions are defined as follows:
2 _ o2 — 2 = ]

—_— P = EP=

I-_i 7 i o
Theorem 3.2.1 Let n = 0 be an integer. Then the following are true
1. OL,+OL, =2L,

2. OL, —0OL, =20L, — 2L,

11€4 = €5, 1264 = €5, 1384 = €7, €; = €

n-+3 n+i
3. OL,(OL,) =) Li— » L;.
k=mn k=n-+4

Theorem 3.2.5 Norm of hyperbolic Leonardo octonions {||OL,| } is

_ ]2

||fJL“|| - ‘-._;’/‘HLH{JLH - \/‘Li + Li+1 + LE-—! T LEH o Li+4 o Liﬁ o Lﬁ-—[i n+7|"

Theorem 3.3.1 Let n = 0 be and integer. We have

","i'”u+ 1 -}_j.r.: +1

OL, = 2( ,ﬁ )—1
(¥ — |

where &t = 1+ aiy + a’is + a’is + a'ey + a’es + aVeg + ale-
-}-— = 14+ ﬁ"fl T ﬁﬁf‘g - ﬂ:ii:g + L¥4f.“4 + i.;,'fllrjff,.'] - i.jl[jfl[j + HTI!'.’,—
T = 1+ '|"-1 + E-g + '|"-1'-; + €4 T €5 + € T E7.
Definition 3.4.1 Let n > 0 be an integer. The hyperbolic Francois octonions {OF,} is

defined by
OF, = F, 4+ Fot + Fapote + Foists + Fogeq + Foises + Fogeg + Fhrer

where F, is the n-th Francois number and ¢, 5, i3 are quaternion imaginary units, ey(e; = 1)

is a counter imaginary unit. The bases of hyperbolic octonions are defined as follows:

4 ] —_ ] 9 1 . 1 ' } —_— } |2 . |‘:'II —_ .-:'II — .-:"3 — 1
t1€4 = €5, 12€4 = €g, 1364 = €7, €4 = € = € = €7 = L.

JFIri-,+i‘]- — 2E1+}1 o Fn-

Theorem 2.6.1 [4] Let n > 0 be an integer. The Binet formulas for the Francois sequence Definition 3.4.3 Let n 2 0 be an integer. Then {OF,} is defined by

is defined b‘y’ OF, = F, — Fyppiiy — Foyoto — Frigiy — Faeq — Foses — Figeg — Flpqeq
n_n+l o _-“ﬁn+l _ _ S _ _ _ |
F,=a"+ 3"+ - "? — 1 where F, is the n-th Francois number and ¢, 5, i3 are quaternion imaginary units, ey(ey = 1)
y — | , , , , ) :
| is a counter imaginary unit. The bases of hyperbolic octonions are defined as follows:
where

1164 = €5, o€y = €5, 1364 = €. r:f = r::f: = rf: = r"'; = 1.
Theorem 3.5.1 Let n = 0 be an integer. Then the followineg are true:
1. OF, + OF, =2F,,
2. OF, — OF,, = 20F, — 2F,,

n-+.3 -+

3. OF,(OF,) =) F;— ) F.

k=n k=n+4
Theorem 3.5.5 Norm of hyperbolic Francois octonions {||OF,||} is

1 ++/5 1-5
= > and 5 = 5y

Definition 2.12.1 [7] A hyperbolic octonion is an element of the form

q = qp+ q1i1 + G212 + q3is + qa€q + g5€5 + Qg€ + qr€7.

where qo, q1, g2, 93, q4. G5, s, g7 are real numbers, and 11, 22, 13 are quaternion imasinary

units, es(e; = 1) is a counter imaginary unit. The bases of octonions are satisfying the

=1

+

o

||(J-F:.:|| = '-.',-/r‘(}F:.:{-']FH - \/‘F”_i' T F.r‘f+1 + 'F:-:f+'£ T 'FE-—:! o Ff-—-l o F:Ie_}+ﬁ o :Iaj+[i o F:I

following properties:

lf:_.-]—lf:-—lf:

3

= 1. Theorem 3.6.1 Let n = () be and integer. We have

=] J

"rll':f-l — €5, 'i'l‘gf?._l — €Eg, 'f';,}[-!__l = €7, EE
Mareover, for k € R, the multiplication by scalar is Sl _ ggntl
- . YOk — 3]
OF, = aa™ + 58™ + ( 3
f. - i

oh

) —1

kq = kgo + kg + kqgaia + kgata + kqueq + kgses + kggeg + kgres.

| | | where &t = 1+ iy + o®is + iy + a'ey + e + aeg + a'e-
and conjugate and norm of the hyperbolic octonions are ~ .. . - N - . -
= 14 Bi; 4+ 5510 + %13 + %4 + %5 + Vg + 'es
: 1= 1+ '|"-1 + !3 + '|"-;-; + €4 T+ €5 1+ Eg T E7.

g = go — q1t1 — Gailz — Qalz — Qu€q4 — J5€5 — a6 — GTET-

andc .
Conclusion

lall = V/lqg@| = \/lai + ¢i + @2 + f — g — @3 — 4§ — &3],

In this work, we study the definition and structure of hyperbolic Leonardo and hyperbolic Francois

octonions.
In addition, we prove some basic properties , such as the Binet’s formulas, conjugate and norm.
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