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ABSTRACT

In this paper, a modification of the original global radial basis functions-based
differential quadrature (RBF-DQ) method is set forth and analyzed. The improved RBF-DQ
method is applicable to the numerical approximation of solutions of a wide range of partial
differential equations (PDEs) with mixed derivative terms. However, it appears to be considerably
faster than the original method. In support of this contention, the multidimensional Black-
Scholes (BS) equation in the Geometric Brownian Motion (GBM) framework has been
solved numerically by using the proposed method and compared with results obtained
via the original RBF-DQ method. For accuracy achieved versus work expended, the
improved method performs better.

Keywords: radial basis functions, multi-dimensional Black-Scholes equation, differential

quadrature, european option

1. INTRODUCTION

The original differential quadrature (DQ) method for the numerical approximation of
PDEs was developed by Bellman et al. in [1, 2]. The basic idea of the DQ method is that any
derivative at a mesh point, can be approximated by a weighted linear sum of the function
values along a mesh line. The key step in the DQ method is determination of weighting
coefficients to determine a discrete approximation of any order derivative. As has been shown
in [3], RBFs which are mesh-free and insensitive to dimension present a good choice for use
in the DQ approximation. Exploiting the advantages of RBFs, Shu et al. proposed an
alternative set of mesh-less methods which they termed RBF-DQ methods. In their scheme,
the RBF’s are taken as the test functions in the DQ approximation to compute the weighting
coefficients. The method not only inherits the high accuracy and efficient computation of the
DQ method, but also possesses desirable features of RBFs such as being mesh-free and easily
extensible to higher dimensions. In this study we improve the RBF-DQ method. The improved
RBF-DQ method can be used to approximate the solutions of a wide range of PDEs with
mixed derivative terms. Moreover, the improved method is much faster than the original one
as we will presently indicate by example.
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Options are an important and widely used class of financial derivatives. A major concern
in financial markets is determining the value of an option. An option contract is an agreement
between a buying party (the holder) and a selling party (the underwriter). The holder of the
option contract has no obligation to exercise his option contract, but if the holder chooses to
do so, the underwriter is obliged to execute the contract. Here, we will be particularly
concerned with options where the payoff depends on multiple underlying assets. The pricing
of such option can be modeled by a higher dimensional generalization of the original equation
proposed by Black and Scholes [4], as extended by Merton [5], for evaluating European call
options without dividends [4].

By assuming that the asset price is risk-neutral, Black and Scholes showed that the
value of a single asset European call option satisfies a lognormal diffusion type PDE,

now commonly referred to as the BS equation. If we let 1 #,s represent the option

value at time 7 with stock prices S = (51,5, "+, 54), then we get the following linear parabolic
PDE

da 2 da
Z—Z+%izlpijoi@sisj%+;rsig—;—rV =0, (D
which is known as the BS equation for multi-asset option problems. Respectively s;, o;, p;; and
r are, i-th asset price, volatility of the i-th asset price, correlation between the prices of i-th
and j-th assets, and the risk free interest rate. It is very hard to get an analytic form solution
for most financial derivatives due to the complexity of the financial product itself and the
complexity of the financial market; however, various numerical techniques can be applied to
price multi-variate derivatives. Numerical methods using higher-dimensional generalizations
of lattice binomial methods can be used cf. [6], for European options based on three
underlying assets. Stable higher-order methods for the BS equation have been introduced by
Voss et al. [7] and Khaliq et al. [8]. Moreover, mesh-free methods based on RBFs may also
reduce computational cost significantly, [9]. Jo and Kim in [10] combined the operator splitting
method with a parallel computation technique for solving the multi-dimensional BS equations.
Nielsen applied penalty methods for the numerical solution of American multi-asset option
problems [11]. Martin in 2014 stabilized proposed explicit Runge-Kutta methods for multi-
asset American options [12].

The organization of this paper is as follows: In Section 2, the improved RBF-D(Q method
for approximation of partial derivatives is described. Section 3 is devoted to adapting this
method to approximate multi-dimensional option pricing. In Section 4 we discuss the stability
of the method in the context of the multi-asset option pricing problems, while Section 5
provides telling numerical examples comparing the performance of the new method with the
original RBF-D(Q method. The paper concludes in Section 6 with a brief retrospective.

2. RBF-BASED DQ METHOD
In this section, we will show the RBF-DQ method and the recommended modification
to it in detail.

2.1 Radial Basis Functions
Interpolation theory of RBFs has been the subject of intensive research in recent decades
and nowadays RBFs play an increasingly important role in the field of reconstructing functions
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from multivariate scattered data. In general terms, the interpolation theory of RBFs can be
described as follows: If an unknown function f(X) is only known at a finite set of centres
X, i=1,-,N, then f can be approximated as a linear combination of N, RBFs

N

FOX) = Z Lo(X,X) +P(X), XEQCRY )
=

where N is the number of data points, X = (x;,x,,+,x4), d is the dimension of the problem,
the A’s are coefficients to be determined and ¢ is the RBF. Eq. (2) may also be written without
the polynomial term P. Among the tested RBFs, multi-quadrics (MQs) yield the most accurate
results. MQ-RBFs can be written as

o(X.%)=0() = |n*+¢%, €
wherer; = |X — X | is the usual Euclidian distance and ¢; is a shape parameter. If we let P§
denote the space of d -variate polynomials of order not exceeding q and choose the
polynomials Py, Py, -+, P, a basis of P4 in R, then the polynomial P(X) in Eq. (2), is usually
written in the following form:

m
POO = ) &P, )
i=1
where = (j.quff))f . To determine the coefficients (14, 1,,++,4y) and (&1, &5, +,&n), an extra m

equations are required in addition to the N equations resulting from collocating Eq. (2) at the
N points. This is ensured by the m conditions for Eq. (2),

N
j=1

2.2 DQ Method for Partial Derivative Approximation in Higher Dimensions

In this section, we explain the method to approximate the spatial derivative in two-
dimensions. It is noted that the basic idea of the DQ method is that any derivative can be
approximated by a linear weighted sum of the function values at some mesh points. We retain
this idea but relax the condition of choosing function values along a mesh line. In other words,
for a two-dimensional problem, any spatial derivative is approximated by a linear weighted
sum the function values on the whole two-dimensional domain. In this approximation, a mesh
point in the two-dimensional domain is represented by one index k, while in the conventional
DQ approximation, the mesh point is represented by two indices i, . If the mesh is structured,
it is easy to establish the relationship between i,j, and k. For example k can be written as
k=(G{—1Ny,+j,i=1,,Ny;j=1,-,N,.As 1l varies from 1 to N; and j varies from 1 to N, , k
varies over 1 to N = Ny x N,. The DQ approximation for the n-th-order derivative with respect
to x, and the m-th-order derivative with respect to y at (xy, yx) can then be written as

N

an n

T v = PRCEICER) ®
N

omf ),y

ay—m(xk,yk) = ; W,f,z) [z y,)- ™

Shu et al. employed this technique and made a novel and effective algorithm for the use of
RBFs to solve the PDEs [3]. Instead of using polynomials for determining coefficients, they
applied RBF's as test functions. In order to apply the original DQ method to approximate the
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PDE with mixed derivative terms, they should be removed by making some change of
coordinates. However, we can improve the DQ method by using Eq. (6) and Eq. (7) so that
we can easily approximate a PDE with mixed derivative terms as follows:

an+mf 0 an+m—1f

Ty (e, Y1) = F (W (€72 }’k)>

o an+m—1f
= Z Wk,zlx axn—laym (le’yzl)

z1=1

N
_ Dy, Wy (D Dy Dy
- Z Wk,Z1 Wzl,zz Wzn—llzn WZn,Zn+1 Zn+m-1Zn+m f(xzn+m’ yzn+m) : (8)
Z1,Znam=1 n m

By rewriting the right hand side of Eq. (6) and Eq. (7) as
N N

W, (D Dy Dy Dy Dy
Z Wk,Z1 WZLZZ WZn—l'Zn f(xzn’ yzn) ’ Z Wk,Zl Wzl,Zz o WZm_l,Zm f (mel yzm):

Zy,Zn=1 n Z1, 0 Zm=1 m

we can also decrease the computation time significantly. In the following subsection, we will
. . . 1

show that the weighting coefficients wi(})" and wl.( j)y

function approximation of RBFs and the analysis of a linear vector space.

can be determined by the aforementioned

2.3 RBF-DQ Approximation

In this subsection, we will use the MQ-RBFs as the test functions to determine the
weighting coefficients in the DQ approximation of derivatives for a two-dimensional problem.
Suppose that the solution of a PDE is continuous, which can be approximated by MQ-RBFs
in Eq. (3) and only a constant is included in the polynomial term P(x,y). So, for a two-
dimensional case, the function approximation can be written as

N
0 = 20(6ey) = Gy + 1 ©
=1

Eq. (9) has N 4+ 1 unknown coefficients and can only be applied at N nodes. So, we need an
additional equation to close the system. To make the problem be well-posed, this additional
equation can be made by Eq. (5) in which the sum of the expansion coefficients to be zero.
As a result, we have

N N
=1 jELy#
substituting Eq. (10) into Eq. (9) gives
N
reo= > 4 (e(@y - (5.9)]) - 6oy - GayoD) + &, (an

jELj#i
the number of unknowns in Eq. (9) is reduced to IN. As no confusion rises, # can be replaced
by 4; and Eq. (11) can be written as

N

rey= Y 4 (el - (o)D) - e - GuydD) + A (12)

j=1j%i

By setting g;(x,y) = ¢(|(x, ) = (x,3;)]) = 0(I(x,3) = (. yD,j = 1,+,i = L,i + 1,-+,N, Eq. (12)
can be further written as
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N
fan= ) 4gey + A, (13)
Jj=1,j#i

the form of Eq. (13) constructs an N-dimensional linear vector space VN. A set of base
functions in V" can be taken as q; = g;(x,y) = o(|(x, ) = (1, ¥))]) — 0, ¥) — (i, y)D,j =
1,-+,i—=1,i+1,-,N, q; = 1. From the concept of linear independence, the bases of a vector
space can be considered as linearly independent subset that spans the entire space. From the
property of a linear vector space, if all the base functions satisty the linear Eq. (6) and Eq. (7),
so does any function in the space V" represented by Eq. (13). There is an interesting feature.
From Eq. (13), while all the base functions are given, the function f(x,y) is still unknown since
the coefficients A; are unknown. However, when all the base functions satisfy Eq. (6) and Eq.
(7), we can guarantee that f(x,y) also satisfies Eq. (6) and Eq. (7). In other words, we can
guarantee that the solution of a PDE approximated by the RBF satisfies Eq. (6) and Eq. (7).
Thus, when the weighting coefficients of DQ approximation are determined by all the base
functions, they can be used to discretize the derivatives in a PDE. That is the essence of the
RBF-DQ method. Using the idea of DQ method, the weighting coefficients of the first order
partial derivatives can be determined by substituting the entire base functions g4, -+, gy into Eq.

(6), as

N
aq;(x;, y:) (n)x
0q;(xy) N ]
% = Z wi(_:)xq]'(xk,}’k).}' =L Nj#i (15)
k=1

For the given i, equation system (14) and (15) has N unknowns with N equations. The matrix
form for the weighting coefficients can be written as

a" = [Qw;"™", (16)
where
0q:(x,y)  0qia(xpy) 0qip(xy)  9qun(x, vi)
M)y _ q1\Xy, Yi qi-1\Xy, Yi Qi+1\Xi, Vi qn\Xy, Vi M)y _ )y (M)x
qin =10, 0x v 0x ’ dx o dx ]T'Win _[I/Vi,ln "Wzl\rll I
and
1 1
[ q1(x1, y1) q1(xn, yn) ]
[Q] = |qi-1Cx,¥1) = qi—1Cen, yn) |
Giv1 (X1, ¥1) Giv1(x1,¥1)
av(x,y) o anCon, yw)

Clearly, there exists a unique solution only if the collocation matrix [Q] is non-singular. The
non-singularity of the collocation matrix [Q] depends on the properties of used RBFs.
Micchelli [13] proved that matrix [Q] is conditionally positive definite for MQ-RBFs. This fact
cannot guarantee the non-singularity of matrix [Q]. Hon [14] showed that cases of singularity
are quite rare and not serious objection to a valuable numerical technique. Therefore, by using
Eq. (16) withn = 1, the coefficient vector Wi(l)X can be obtained as Wl(l)" = [Q]‘lqgl)". Then,
the coefficient vector WEI)" can be used to approximate the first-order derivative in the x
direction for any unknown smooth function at node i in Eq. (8). In a similar manner, all the
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base functions are substituted into Eq. (7) to approximate the first-order derivative in the y
direction for any unknown smooth function at node i.

3. AN IMPRCVED GLOBAL RBF-DQ METHOD FOR MULTI-DIMENSIONAL BS EQUATION
In this section, to descritize the PDE (1) arising from GBM model: Let U(t,X) =
V(t,$)x; =log(sy), X = (xq,-+,xq) and payoff g(§) = h(X). Then the PDE is rewritten as

Z zd:( ! 2)6U Ut,X)=0 17
/ Pij lajaxl £y ZUi ax; rult, 4) =4, a7)

i,j=1 i=

or — 'Z—f = OU where O represent the differential operator. The domain is discretized by taking
N knots according to the method used in previous section and we would like to discrete the
Eq. (17) with respect to time. We introduce a weight 6 and apply the 6 implicit scheme to the
problem as

ou up -

— g o === (1 = 0DTl(,.x) + 00U, x,, (18)

denote Ul xy = Ul k..xk) = Uk, Where represents an approximation for the function value

of U at knot k and time t,,. By applying Eq. (8), Eq. (17) can be rewritten in a discrete form as

follows:
S (€Y)
~ Dy, ~ xi Xj
1+7r(1-0)A)T} — (1 —6)At Zz (r - —af) W}EZ) R+ z z pijOio;W ;10) ‘w,, U}
i=1z=1 l] 1o0,z=1
Sy 1 @
Dy, 1y, X
=(1—-r0A)T* + 0AL ZZ(T_EG"Z) @ tgpt + Z Z pijOio;W ,Eo) w,, U1 ), (19)

i=12z=1 i,j=10z=1

where wg)x" represents the computed weighting coefficients in the DQ approximation for the

first order derivatives in the x; direction in Xj.

4. STABILITY OF THE METHOD

In this subsection, we study the stability of the implicit finite difference method described
above. Let us assume that U be exact and U is the numerical solution of equation (17). Note
that the discrete equations Eq. (19) can be rewritten as the following form

= [I+ (1 - 6)AtD]'[I — 6AtD|U,_, = EU,_,, (20)

T .
Where D =7 — %4, pyoioi([Q17[Q1x,) ([Q17'[Qly,) — 2y (1-202) ([@17'(Q1) s is N x N
il)xl, il)x‘,---,ql(vl)x‘]. The scheme
(20) for initial value problem is stable if and only if there exists a positive constant € independent of

matrix determined by Eq. (19) in grids points and [Q],, = [q

the mesh spacing and initial data such that
1T < c||To||,n - ,At,4% - 0.
If E depended on n we would get a product of the operators at each time level. Taking a norm

[Tl = [[E"To|| < NE™ 11|
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Therefore, the numerical scheme is stable if and only if there exists positive constant C such
that
IE™|| < C,n - o0,At,AX — 0.

Since p(E) as the spectral radius of E provides a lower bound to any matrix norm, for the
scheme to remain stable, we should have p(E) < 1 or equivalently we can say that

1- BAtnD

1+ (1 —0)Atnpl = 7 @1

which holds for np, eigenvalues of the matrix D, located in the right half plane. Inequality (19)
also shows that stability of the scheme (19), in the case of RBFs with shape parameter like
MQ), depends upon shape parameter.

5. NUMERIACL EXAMPLES

For two-dimensional option pricing problem under GBM framework, consider the PDE
(1) with d = 2 and the final time condition for European call-max, g(S) = max{ max { s;,s,} —
E,0} where E are exercise price in maturity time. The boundary conditions are
imposed V(t,s"™,s,) = s]"%* — Ee 7T=0 Y (t, 51, s7'%) = s"™* — Ee™"(T=0), where s]"** | sJ' are
respectively maximum of s; , maximum of s, . For illustration of the accuracy of the proposed
method let £ = 10,7 = 0.05,0; = 0.22, 0, = 0.14,p;, = 0.5,T = 0.5 with 100 time steps, s1,s, €
[e73%,e*] and 6 = 0.5. To study the behavior of the original and improved RBF-DQ method,
different structured mesh sizes are used with shape parameter 1.25D/VN as selected in [15] by
Franke, where D is the diameter of the minimal circle enclosing all supporting points. In order
to approximate the solution by the original method, we should reduce the BS equation to
canonical form in which there is no mixed derivative term (the details can be found in [16].)
Figure 1 shows the comparison of numerical results by using original and improved RBF-DQ
method in which the root-mean-square-error (RMSE)

N

1
— (UiStz _ Uinum)z ,

N i=1

where UF*# is the solution by Stulz Method [17] which provides a closed form solution and
UM™™ is solution by numerical approximations i-th mesh point. Comparison between the
CPU-times of two methods has been shown in Figure 2. From the figures, it is clear that the
improved RBF-D(Q method works much better than the original one. For every simulation,

the spectral radius of matrix E is less than unity which guarantees the stability of the scheme.

6.CONCLUSIONS

In this study, the RBF-DQ method in which any spatial derivative is approximated by a linear
weighted sum of all the function values in the whole physical domain has been improved to
approximate the PDHs with mixed derivative terms. The presented method is used for numerical
solution of multi-dimensional option pricing problems in this paper. Numerical results showed
that our improved RBF-DQ scheme is an efficient approach for solution of this kind of the
PDEs and faster than the original one.
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Figure 1. Comparison of root-mean-square-error (RMSE) between the original and improved
RBF-DQ method.
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Figure 2. Comparison of CPU-time between the original and improved RBF-DQ method.
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