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The notions of associated and supported prime submodules, as a generalization of

associated and supported prime ideals, have been introduced by Divaani-Aazar and Esmkhani.

In this paper, we will try to develop this theory and give some relations between associated,

supported, maximal and prime submodules.
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1.INTRODUCTION

Throughout this paper K is a commu-
tative ring with identity and all modules are
unitary. Prime submodules have been studied
by many authors. A submodule N of an R-
module M is said to be prime (or p -prime) if
r € N for r € R and x € M, implies that
either x € Norr€ p = (N:M). Various
papers on prime submodules are devoted to
the generalization of related results of prime
ideals to prime submodules, see for example
[1]. In a recent paper of this case, Divaani-
Aazar and Esmkhani [2] introduced the
notion of associated and supported prime
submodules as a generalization of associated
and supported prime ideals and extended
some of the most important results con-
cerning associated prime ideals. For instance,
they proved that for any multiplication module
M over a Noetherian ring R, if 0= min: Qisa
minimal primary decomposition of the zero
submodule of M, then Ass, M = {rad(Q): i =
1,2,...,n}. To see the main properties of the

sets of associated and supported prime sub-
modules one is refereed to [2]. Recall that an
R-module M is called a multiplication module
if for each submodule N of M, N = IM for
some ideal I of R.

Because the theory of associated primes
is very important in the study of modules, it
seems that it is necessary to develop the theory
of associated prime submodules and this is
the main goal of this article.

Let M be a finitely generated R—module
and p a prime ideal of R. McCasland and
Smith in [3] introduced the notion of M( p)
defined by,

M(p)={x € M:rxe pM, for some r € R\p}
which is a submodule of M and Divaani-Aazar
with Esmkhani in [2] used this concept to
generalize the notion of associated prime
ideals. The submodule M(p) is well behaved
when we need to construct prime submodules.
For example, it is easy to see that if M is
finitely generated and p contains the annihilator
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of M, then M(p) is a p -prime submodule of
M. The reader can find additional information
about this notion in [2, 3].

The sets of prime and maximal submo-
dules of an R-module M are denoted by Spec
M and Max M, respectively. Also, for
unexplained definitions and terminologies,
we refer the reader to [2, 4, 5].

2. MAIN RESULTS

Let M be an R-module. The set of
associated prime ideals of M is denoted by
Ass, M and it is the set of prime ideals p such
that there exists x € M with p = Ann(x). Also,
the support of M, written Supp, M, is the set
of prime ideals p such that there exists x € M
with p D Ann(x).

In the following we list some of the
important theorems on the associated and
supported prime ideals and then we generalize
them.

Theorem 2.1 Ass, (®_ M) =U_ Ass,
(M_,), if {M} is a family of R-modules.

Proof. See [6, p. 67]. »

Theorem 2.2 Let M be a module over
Noetherian ring R and p € Spec R. Then p €
Supp, M if and only if p D ¢ for some g €
Ass, M.

Proof. See [6, Proposition 4.3.3]. «

Theorem 2.3 Let M be a finitely
generated module over Noetherian ring R.
Then the following conditions are equivalent.

(i) M is of finite length.

(ii) If p € Ass, M, then p is a maximal
ideal of R.

(iii) If p € Supp, M, then p is 2 maximal
ideal of K.

Proof. See |6, Corollary 4.3.4.2]. «

Following Divaani-Aazar and Esmkhani
in 2], we define:

DEFINITION

(i) An R-module M is said to be weakly
finitely generated if for each p € Supp, M,
the submodule M( p) of M is proper.
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(ii) Let M be a weakly finitely generated
R-module. The sets of associated and
supported prime submodules of M are
denoted by Ass, M and Supp, M respectively
and defined by

Ass, M = {M(p): p € Ass, M} and

Supp, M = {M(p): p €Supp, M;.

For any R-module A, it is known that
Supp, M = ¢ if and only if M = 0. But, it is
not always true that Supp, M = ¢ if and only
if M = 0, if we remove the condition of
weakly finitely generated; see the next example.

Example 2.4 Let R=7 and M = Q.
It is easy to check that QQ isn’t weakly finitely
generated as a Z- module. Indeed, M(p) =
M, for any p € Supp, Q and it means that
Supp,Q = ¢, whereas Q # 0.

The above example shows that the
condition of weakly finitely generated in the
definitions of associated and supported prime
submodules, is necessary and can’t be
removed.

Now, we are ready to state and prove
our results.

Lemma 2.5 Let {M} _, be a family of
R-modules. Then (®_ M)(p) =S _ M(p),
for each p € Spec R.

Proof. Let p be a prime ideal of R and
m€ (®_M)(p). So there exists » € R\ p

i€l

such that mz € p(® _M). Since m € ©_ M.

we can write 7 = (m) whetre m € M, forleeladll
i€ L Itis easy to check that p(®_ M) =@ _,
(pM.) and so we have
=)= ()€ p(@,, M)=@_, (M)
This imples that € M(p) for eachi€ Tand
som€ ®_ M(p).Hence, (®_ M)(p) S®D,_

M(p). Now, suppose that » = (m) € ®_, M

iel i

(p) and m m, m  are the non-zero

components in M. Since m; € Mij( p), there
exist 7, € R\ p such that € pM, forj =1,
2,...,n. Now, set 7= 7, r,...r.. It is clear that
r€ R\ p and so we have m € ®_ (pM.) =
(@, M). Hence ®_, M(p) € @, M)(p)

and this completes the proof. «
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Theorem 2.6 Let {M} _ be a family
of weakly finitely generated RK-modules. Then
Ass, (@ M) = {®_ (M(p)): M(p) € Ass,
M, for some jel}

Proof. It is easy to see that @ _ M is a
weakly finitely generated R-module and so we
have
Ass, (@ieIM> - {(@iEIMi)<p):p € ASSR(®ieI
M)} = 1@, M(p): p € U, Ass, (M)} =
{®_, M(p): M(p) € Ass, (M), for some
j€l}. .

As in [2], we say that an R-module M is a
quasi multiplication if M(p) = pM, forall p €
Supp, M. Trivially, multiplication modules are
quasi multiplication. Also, any flat module is
quasi multiplication. One can find some
relations between flat modules and multipli-
cation modules in [7, §].

Theorem 2.7 Let M be a quasi multi-
plication weakly finitely generated module
over Noetheiran ring R. If p € Spec K and
M(p) € Spec M, then M(p) € Supp, M if
and only if M(p) D O for some O € Ass, M.

Proof. Let M(p) € Supp, M. It is clear
that (M(p ) : M) = p € Supp, M. Now, by
Theorem 2.2 there is a ¢ € Ass, M such that
p D ¢q.Since Mis a quasi multiplication module,
M(p)2M(q)and M(q) € Ass, M. Set M(q)
= 0. Hence, M(p) 2 Q for some O € Ass,
M. Conversely, assume that M( p ) D Q for
some O € Ass,M.Setg= (Q: M), thenge
Ass, Mand M(g) = Qso M(p) 2 M(q).
Then p = (M(#):M) 2 ( M( ¢ ):M) = ¢.
Therefore, p € Supp, M and so M(p ) €
Supp, M, as required. o

Theorem 2.8 Let M be a multiplication
module over Noetheiran ring R and p € Spec
R. The following conditions are equivalent:

(i) M is of finite length.

(ii) if 0 € Ass, M, then 0 is a maximal
submodule of M, i.e, Ass, M C Max M.

(iii) Supp, M C Max M.

Proof. It turns out by [9, Corollary 3.9],
any multiplication module over Noetherian
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ring is finitely generated. Now, we have:
(i) = (ii) See [2, Corollary 2.7].
(ii)=> (iii) Let P € Supp, M. By Theorem 2.7,
there is a ¢ € Ass, M such that P2 () and by
(i), @ is a maximal submodule. So P = Q.
(iii)=(i) Since M is a Noetherian multiplication
module and  Ass, M C Supp, M C Max M,
the result follows from |2, Corollary 2.7]. «
We end this section with a question. It is
well known that, if 0—L—>M—>N—0 is an
exact sequence of R-modules and R-
homomorphism, then
@) AssRL - AssRM (- ASSRL V) ASSRN,
(ii) Supp, M = Supp, .U Supp, N.
Is it possible to generalize this theorem to
associated and supported prime submodules?

3. COMPLEMENT TO SUPPORTED PRIME
SUBMODULES

In this section, for an R-module M, we
study the set of supported prime submodules
and their complements to gain useful
information about M. A submodule C € M
is said to be a complement to § in M if C'is
maximal with respect to the property that C
M S = 0. By Zorn’s lemma, any submodule §
has a complement; in fact, any submodule
C, with C,M § = 0 can be enlarged in to a
complement to .S in M. For more details about
complements we refer the reader to [10]. A
submodule N of an R-module M is said to
be strongly irreducible if for submodules L.
and K of M, the inclusion .M K< N implies
that either . € N or K C N.

The first theorem of this section gives a
characterization of multiplication modules in
terms of supported prime submodules and
maximal submodules. To prove this fact, we
need to the following lemma.

Lemma 3.1 Let M be a finitely generated
R-module. Then, for any p € Supp, M M
Max R, M(p) = pMand M(p) is a p -prime
submodule of M.

Proof. Let p € Supp, M M Max R.
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p -primeness of M( p) and pM follows from
[2, Lemma 2.2 (ii)] and [11, Corollary 3],
respectively. It is clear that pM C M(p). Also,
by [2, Corollary 2.2 (iii)], M(p ) C pM, and so
M(p)=pM. -

We can now state our first theorem in
this section.

Theorem 3.2 Let M be a finitely
generated R-module. Then the following
statements are equivalent.

(i) M is a multiplication R-module.

(i) Spec M = Supp,, M.

(iii) Max M = {M(p ) € Supp, M: p €
Max R}.

Proof. (i) = (ii) It is enough to show
Spec M C Supp, M. Let N € Spec M, then N
= pM for some prime ideal p of R with Ann
M C p, by |9, Corollary 2.11]. Since M is a
finitely generated R-module, p € Supp, M and
hence, N € Supp, M, as desired.

(ii) = (iii) Let . € Max M C Spec M = Supp,,
M. Then there exists p € Supp, M such that I
= M(p). By [11, Proposition 4], the ideal ( L.
M) = (M(p): M) = pisamaximal ideal of
R. Conversely, let M() € Supp, M such that
m € Max R. Then there exists K € Max M C
Spec M = Supp, M such that M(») C K,
because M is a finitely generated R-module.
So there exists 7" € Max R such that K =
M(m"). Hence, m = m”and M(») = K € Max
M.

(iii) = (i) By [12, Theorem 3.5], it is enough
to show that for any » € Max R, M/mM is a
cyclic module. Let 2 € Max R. If # € Supp,
M, then M(m) = mM is a prime submodule of
M, by Lemma 3.1. Also, M(») € Supp, M
and by (iii), M(7) € Max M. Hence, M/mM is
simple and so is a cyclic module. If 7 & Supp,
M, then it is easy to check that M(») = M and
so M/mM is a cyclic module. «

As we have seen in Theorem 3.2, in the
case that M is a finitely generated
multiplication R-module, Spec M = Supp, M
and Max M={M(p) € Supp, M: p € Max R}.
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From now, we remove the condition of
finitely generated and focus on the notions
of strongly irreducible and complements to
obtain similar relations.

Lemma 3.3 Let M be a multiplication
R-module and N be a prime submodule of
M. Then N is strongly irreducible.

Proof. See [13, Theorem 3.1]. ¢

Corollary 3.4 Let M be a multiplication
R-module and N a submodule of M. If L is
a complement to N in M, then either N C pM
or . C pM for each pM € Supp, M.

Proof. It is clear that N M L. = 0, hence
NN L C pM for each pM € Supp, M. Now
we have either N € pM or L C pM for each
PM € Supp, M. «

Theorem 3.5. Let M be a multiplication
R-module and pM € Supp, M. Then either
complement to pM is zero or pM includes all
complements to other members of Supp, M.

Proof. Assume that pM € Supp, M and
C, is complement to pM. If pM is another
member of Supp, M with complement Cj,
then p M C pM or C.C pMand pM C piM or
CCpM.If pMC pM, then pM & pM which
conclude that Q C piM. But Ciis complement
to pM, hence C;= 0. Itis clear that if pM &
M, then C.C pM. The case pM C pM can be
proved similarly. «

The proof of the next Corollary is easy,
SO we omit it.

Corollary 3.6 Let M be a multiplication
R-module and pM € Supp, M. If pM has a
non-zero complement and |pM| < oo, then
the number of elements of Supp, M with
non-zero complement is finite.

Lemma 3.7 Let M be a multiplication
R-module. If the intersection of two members
of Supp, M is zero and they have non-zero
complements, then they are complements to
cach other.

Proof. Let pM and p M be two members
of supported prime submodules such that
PM (Y pM = 0 and they have non-zero
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complements C and C, respectively. By
Corollary 3.4, C. C pMand C,C pM. Since C
and Ci are maximal with respect to the
property that G pM = 0and CM pM =0,
it follows that pM = C and pM = C.. «

Lemma 3.8 Let M be a multiplication
R-module and any member of Max M has
a non-zero complement. Then Spec M =
Max M.

Proof. It is enough to show that Spec
M < Max M. Suppose that pM € Spec M.
Since M is a multiplication R-module, there
exists #M € Max M such that contains pM.
Let C be complement to #M. Since pM is
strongly irreducible, either pM = mM or C C
pM which C C pM conclude that C = 0 and
this is contradiction to assumption. Hence,
Spec M C Max M. »

Corollary 3.9. Let M be a multiplication
module over Noetherian ring R. If any
member of Max M has a non-zero
complement, then Supp, M = Ass, M = Spec
M = Max M.

Proof. Use Theorem 3.2, Lemma 3.8,
[2, Corollary 2.7 and Lemma 2.6]. «
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