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ABSTRACT
		 This paper studies the propagation of  the air pollutants released from a single generator such 

as an industrial chimney to an observed area such as a residential area or an agricultural land in two 
dimensions. The aims are to develop a model to visualize the propagation of  the pollutants over time and 
to compute an average concentration of  the pollutants on the observed area subject to various factors 
such as wind speed, the distance from the observed area to the generator, and how the pollutants are 
emitted. We model the problem as a system of  partial differential equations composed of  the Navier-
Stokes and the advection-diffusion equations and numerically solve it by the finite element method. 
To illustrate the technique, we visualized the propagation of  the pollutants for several emission case 
studies and computed their concentrations on an observed area over time.

Keywords: air pollution management, advection-diffusion equation, Navier-Stokes equations, finite 
element method

1. INTRODUCTION 
Air pollution has been one of  the main causes 

to both acute and chronic health issues. In 2012, 
according to World Health Organization [1], there 
were around 7 million people who lost their lives 
due to air pollution exposure. An estimate of  9 
out of  10 people are exposed to air pollution 
which exceeds the safe level recommended by 
WHO. In addition, many studies have shown 
that air pollution has several negative effects on 
agricultural production. It may leave markings 
on crop leaves, reduce production yield, or result 

in premature death. The pollutants also greatly 
affect flowering and fruiting [2]. The effects 
of  Sulphur Dioxide, Fluorides, wet deposited 
acidity, and pollutants mixtures were detailed in 
[3]. Roughly around 36-50 % relative yield losses 
for wheat are from long-lived greenhouse gases 
(LLGHGs) and short-lived climate pollutants 
(SLCPs), see [4]. Thus, a systematic measure for 
air pollution management is crucially important 
and urgently needed.
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There have been several works dealing with 
air pollution management. [5] studied the effects 
of  the wind direction which was described by 
Navier-Stokes equations on the propagation of  the 
pollutants in the air. Boussinesq approximation was 
also integrated to Navier-Stokes equations to take 
into account the Buoyant force exerting from the 
temperature change within the observed domain. 
One of  the most popular tools used in the study 
of  the diffusion of  the air pollution in the literature 
is the finite element method (FEM); see e.g. [6]. 
[7] considered the propagation of  the pollutants 
emitted from a single generator by comparing the 
simulations of  air pollution diffusion obtained 
from FEM and finite difference method (FDM) 
and concluded that both methods were efficient 
and suitable for air pollution emission control. In 
addition to [7], in a two-dimensional space, the 
time dependent behavior of  the air pollution was 
studied in [8] with an inversion layer by utilizing the 
fractional step method. While similarly in [9], the 
pollutants emitting from a single generator were 
studied under different atmosphere conditions 
using explicit FDM and Lazarus programming 
software. In addition to the studies of  the air 
pollutants emitted from a single generator, [10] 
considered a smoke dispersion problem with two 
sources with a structural obstacle. The propagation 
of  the pollutants from multiple sources above an 
industrial area to a residential area was studied in 
[11]. The distribution of  the pollutants on a larger 
domain was studied by [12] and [13]. The first one 
studied the propagation of  the pollutants in an 
urban area flowing through obstacles, while the 
latter studied that on a regional scale.

This paper studies the propagation of  the 
industrial air pollution emitted from industrial 
activities such as the burning of  fossil fuels in 
electricity generation, which is one of  the major 
sources of  air pollution, to an observed domain 
such as a residential area or an agricultural land 
for different emission cases. We first propose 
a mathematical model for the air pollution 
propagation and numerically solve it using the 

finite element method for several cases namely 
“steady emission”, “periodic emission” and 
“discontinuous emission” depending on how the 
pollution is emitted. The average concentration of  
the pollutants over time on the observed area for 
each case is also computed. Although this work is 
based on many assumptions which might not be 
valid in real-world problems, it can still be useful 
for regulators as well as for factories to estimate 
the air pollution level.

The paper is organized as follows. Section 2 
describes the mathematical model used to tackle 
the problem, the emission cases, as well as the 
method and the packages used to numerically solve 
the model. Section 3 shows the results which are 
the visualization of  the air pollutant propagation 
and the average concentration of  the pollutants 
on the observed area over time for each emission 
case. Section 4 is the conclusion.

2. MATERIALS AND METHODS 
2.1 Materials
2.1.1 The model

We study the effects of  the air pollution 
emitted from a single source such as an industrial 
factory on an observed area. The domain of  the 
problem is denoted by Ω  while 0Ω denotes the 
observed area (see Figure 1). iΓ  for 1,2,...,8i =  
denote the boundaries of  the problem. 4Γ  is the 
air pollution generator.

This problem can be viewed as a fluid dynamic 
problem which can be mathematically described 
by the following system of  partial differential 
equations.
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( , , )u u x z t=  is the velocity of  the fluid along the 
x axis at the position ( , )x z ∈Ω  and time [ / ]m s ,

( , , )w w x z t=  is the velocity of  the fluid along the 
z axis at the position ( , )x z ∈Ω  and time [ / ]m s ,

( , , )p p x z t=  is the pressure of  the fluid at the 
position ( , )x z ∈Ω  and time t 2[ / ]kg ms ,

( , , )x z tθ θ=  is the temperature of  the fluid at 
the position ( , )x z ∈Ω  and time t [ ]K , 

( , , )C C x z t=   is the concentration of  the pollutants 
at the position ( , )x z ∈Ω  and time t 2[ ]/g mµ ,
 

( , , )x xK x zK t=   is the diffusion coefficient of  the 
pollutants along the x axis at the position ( , )x z ∈Ω   
and time t 2[ / ]m s ,

( , , )z zK x zK t=  is the diffusion coefficient of  the 
pollutants along the z axis at the position ( , )x z ∈Ω   
and time t 2[ / ]m s ,

ρ  is the density of  the air 3[ / ]kg m ,

ν  is the kinematic viscosity of  the air 2[ / ]m s ,

β  is the thermal expansion coefficient 1[ ]K − ,

0θ  is the temperature of  the fluid at the reference 
point [ ]K ,

g  is the acceleration due to gravity 2[ / ]m s , and

κ  is the thermal diffusivity 2[ / ]m s .
Equations (1.1)-(1.3) are Navier-Stokes 

equations, derived from the laws of  conservation 
of  mass, momentum and energy, which describe 
the flow of  incompressible fluids; see e.g. [14] 
and [15]. Equation (1.4) is called an advection-
diffusion equation; see e.g. [16], which describes 
the propagation of  the pollutants in the air.

2.1.2 Initial conditions and boundary conditions
To solve the system of  the partial differential 

equations (1.1)-(1.4), the initial conditions and the 
boundary conditions are needed to be specified. 
The initial conditions are as follows:

0( , ,0) ( , )u x z u x z=  is the initial wind velocity 
along the x axis at the position ( , )x z ∈Ω  at time  

0t = ,

0( , ,0) ( , )w x z w x z=  is the initial wind velocity 
along the z axis at the position ( , )x z ∈Ω  at time  

0t = ,

0( , ,0) ( , )x z x zθ θ=  is the initial temperature at 
the position ( , )x z ∈Ω  at time 0t = ,

many assumptions which might not be valid in real-world problems, it can still be useful for regulators as 

well as for factories to estimate the air pollution level. 

The paper is organized as follows. Section 2 describes the mathematical model used to tackle the 

problem, the emission cases, as well as the method and the packages used to numerically solve the model. 

Section 3 shows the results which are the visualization of the air pollutant propagation and the average 

concentration of the pollutants on the observed area over time for each emission case.  Section 4 is the 

conclusion. 

2. MATERIALS AND METHODS  

2.1 Materials 

 2.1.1 The model 

 We study the effects of the air pollution emitted from a single source such as an industrial factory on 

an observed area. The domain of the problem is denoted by   while 0 denotes the observed area (see 

Figure 1). i  for 1,2,...,8i   denote the boundaries of the problem. 4  is the air pollution generator. 

 

Figure 1 The problem domain  , the observed area 1  and the boundaries i . 

 This problem can be viewed as a fluid dynamic problem which can be mathematically described by 

the following system of partial differential equations. 
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Figure 1. The problem domain Ω , the observed area 1Ω  and the boundaries iΓ .
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0( , ,0) ( , )C x z C x z= is the initial pollutants 
concentration at the position ( , )x z ∈Ω at time 0t = .

All of  the eight boundaries, 1 8Γ −Γ , in the 
model as seen in Figure 1 are specified as follows:

1Γ 	 1( , , ) ( , , )u x z t u x z t= ,   ( , , ) 0w x z t = ,

	 1( , , ) ( , , )x z t x z tθ θ= ,   ( , , ) 0C x z t = ,

2,3,5,6,8Γ ( , ,0) 0u x z = ,	           ( , , ) 0w x z t = ,
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z
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where, 1( , , )x z tu is the wind velocity along the x 
axis at the position ( , )x z  on the boundary 1Γ   
and time 0t > ,

    1( , , )x z tθ is the temperature along at the 
position ( , )x z  on the boundary 1Γ  and time  

0t > ,
    4 ( , , )x z tw  is the wind velocity along the 

z axis at the position ( , )x z  on the boundary 4Γ  
and time 0t > ,

    4 ( , , )x z tθ is the temperature along at the 
position ( , )x z  on the boundary 4Γ  and time  

0t > ,
    4 ( , , )C x z t  is pollutants concentration at

the position ( , )x z  on the boundary 4Γ  and time 
0t > .
It can be seen that the wind speed along the x 

axis on the boundary 4Γ  is always zero, while the 
wind speed along the z axis is 4 ( , )w x t , which is 
a function of  x  and t . This is because 4Γ  is the 
pollutant generator such as a tall industrial factory 
chimney. There might be some wind blowing out 
at the top of  the chimney along with the pollutants

4 ( , )x tθ  refers to the temperature at the top of  
the tower. 4 ( , )C x t , which is a function of  x  and 
t , describes the concentration of  the pollutants 
at each point x  over time t . In other words, 
it determines how the pollutants are emitted. 
The outflow boundary 7Γ  is described by the 
improved “do nothing” condition by [17] which 
could remove the unphysical eddies in the lower 
right corner of  the concentration plots.
	
2.1.3 Case study

In this subsection, we describe the emission 
cases namely “steady emission”, “periodic 
emission” and “discontinuous emission” which 
can be determined by the concentration of  the 
pollutants emitted from the generator over time 

4 ( , )C x t .
	

(a) Steady emission
This is the case when the pollutants are emitted 

continuously with a constant concentration. In 
other words,

	 4 ( , ) sx tC c= ,

for all 0t >  and sc  is a constant.

(b) Periodic emission
For periodic emission, the concentration of  

the pollutants at the boundary 4Γ  over time can 
be expressed in terms of  a periodic function as

	 4 ( , ) (1 cos( ))
2
p

p

C
c tx t

t
π

= − ,

for all 0t > . pc is the maximum concentration of  
the pollutants emitted from the generator, and pt  
is the time when the concentration pc is emitted.

(c) Discontinuous emission
The concentration of  pollutants released 

from the source, for discontinuous emission 
case, is a constant dc  at ., 2 , ,..3d d dt t t t= and 
zero otherwise. In other words,
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for all 0t > .

2.2 Methods
2.2.1 Numerical method

It is difficult to solve the system of  the partial 
differential equations (1.1)-(1.4) analytically given 
the initial and the boundary conditions. There 
are several numerical techniques commonly used 
in order to solve the problem such as the finite 
difference method, the finite element method, 
and the finite volume method. In this paper, the 
finite element method is employed.

One of  the advantages of  using the finite 
element method is that the domain does not need 
to be discretized equally in size. We can finely 
discretize the focused area into smaller pieces. This 
reduces the computational time greatly. For this 
problem, our domain is discretized as in Figure 2. 
The discretized domain is generated with Gmsh, a 
finite-element mesh generator developed by [18].

In this paper, we use a software called “the 
distributed and unified numeric environment” or 
DUNE which is a software for solving systems 
of  partial differential equations using the finite 
element method; see e.g. [19] and [20].

2.2.2 Average concentration of  the pollutants 
on the observed area

In addition to visualizing the propagation of  
the pollutants on the domain Ω , we are interested 
in the average concentration of  the pollutants on 
the observed area 0Ω  which indicates how severely 
the observed area is affected by the air pollution.
	 As our domain is not equally discretized 
(see Figure 2), the computation of  the average 
concentration of  the air pollutants over the 
observed area is not straightforward. One of  
the methods is to equally discretize the observed 
domain into )( (1) 1m n× −−  smaller rectangles and 
compute the mean of  the average concentration 
in the rectangles (see Figure 3). Mathematically, 
the average of  pollutant concentration on the 
observed area as a function of  time, ( )C t , can 
be approximated by
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where 0Ω is discretized into )( (1) 1m n× −−  
rectangles as shown in Figure 3,

    0|| ||Ω  is the area of  0Ω  which is equal 
to l h× ,

     ,x z∆ ∆  are the lengths of  the rectangles 
which equal l

m
 and h

n
 respectively,
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computational time greatly. For this problem, our domain is discretized as in Figure 2. The discretized 
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Figure 2 The discretized problem domain for the finite element method.  

 In this paper, we use a software called “the distributed and unified numeric environment” or DUNE 

which is a software for solving systems of partial differential equations using the finite element method; 

see e.g. [19] and [20]. 

 2.2.2 The average concentration of the pollutants on the observed area 

 In addition to visualizing the propagation of the pollutants on the domain  , we are interested in the 

average concentration of the pollutants on the observed area 0  which indicates how severely the observed 

area is affected by the air pollution. 

 As our domain is not equally discretized (see Figure 2), the computation of the average concentration 

of the air pollutants over the observed area is not straightforward. One of the methods is to equally discretize 
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Figure 2. The discretized problem domain for the finite element method. 
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   ijC is an average of  the concentration 
( , , )C x z t  over the rectangle ( , )i j .

3. RESULTS AND DISCUSSION
	 To illustrate the application of  the model to a 
real-world problem, we consider a two-dimensional 
domain with the height of  500 meters and the 
width of  2000 meters; see Figure 4. The height and 
the width of  the observed area are 50 meters and 
500 meters respectively. The pollutant generator 
is 10 meters wide and 50 meters tall. The distance 
between the center of  the generator to the ob-
served area is 370 meters.

3.1 The Parameters
To numerically compute the solutions, the 

parameters, the initial conditions and the bound-
ary conditions mentioned in Sections 2.1-2.2 are 
needed to be first specified. The parameters are 
subject to the property of  the fluid under some 
certain assumptions. Unless otherwise stated, the 
parameter values used in the computation are as 
in Table 1. The parameters are the standard values 
at 300 Kelvin; see [21].
	 In this paper, we assume that the effect of  
the wind on the pollutant propagation along the 
x axis is overwhelmingly higher than that from 

the diffusion. In other words, x x
u C CK

x x
∂ ∂ ∂

>>
∂ ∂ ∂

. 

concentration in the rectangles (see Figure 3). Mathematically, the average of pollutant concentration on 
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Figure 4 The problem domain   and the observed area 0  with the specified heights and widths. 

 3.1 The parameters 

 To numerically compute the solutions, the parameters, the initial conditions and the boundary 

conditions mentioned in Sections 2.1-2.2 are needed to be first specified. The parameters are subject to the 

property of the fluid under some certain assumptions. Unless otherwise stated, the parameter values used 

in the computation are as in Table 1. The parameters are the standard values at 300 Kelvin; see [21]. 

Parameter Value 

Air density (  ) 1.18 3[ / ]kg m  

Kinematic viscosity of the air ( ) 51.57 10  2[ / ]m s  

Thermal expansion coefficient (  ) 31.75 10  1[ ]K   

Temperature of the fluid at the reference point ( 0 ) 400  [ ]K  

Acceleration due to gravity ( g ) 9.8  2[ / ]m s  

Thermal diffusivity ( ) 52.2 10  2[ / ]m s  

Table 1 The parameter values used in the computation. 

 In this paper, we assume that the effect of the wind on the pollutant propagation along the x axis is 

overwhelmingly higher than that from the diffusion. In other words, x x
u C CK

x x
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  

. Thus, the value 

of the diffusion coefficient along the x axis, xK , is assumed to be zero.  

 The diffusion coefficient along the z axis is usually a function depending on atmospheric stability 

which can be classified into 3 classes namely a stable condition, an unstable condition, and a neutral 

Figure 4. The problem domain Ω  and the observed area 0Ω  with the specified heights and widths.
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Table 1. The parameter values used in the computation.

Parameter Value

Air density ( ρ ) 1.18  3[ / ]kg m

Kinematic viscosity of  the air (ν ) 51.57 10−×  2[ / ]m s

Thermal expansion coefficient ( β ) 31.75 10−×  1[ ]K −

Temperature of  the fluid at the reference point ( 0θ ) 400  [ ]K

Acceleration due to gravity ( g ) 9.8  2[ / ]m s

Thermal diffusivity (κ ) 52.2 10−×  2[ / ]m s

Thus, the value of  the diffusion coefficient along 
the x axis, xK , is assumed to be zero. 
	 The diffusion coefficient along the z axis 
is usually a function depending on atmospheric 
stability which can be classified into 3 classes 
namely a stable condition, an unstable condition, 
and a neutral condition. In this computation, we 
only consider the neutral condition case whose 
vertical diffusion coefficient, from [22], can be 
written as

*( ) 0.4
z
H

z zK K z u ze
−

= =

where a fractional velocity *u  and an average 
height H of  the surface at the bottom of  the 
domain which is assumed to be flat and smooth 
are 0.16 [ / ]m s  and 51 10−×  [ ]m  respectively.
	 The initial velocities along the x axis and z 
axis for the neutral condition case are given as 
follows,

0.15
0

0

( , ,0) ( )zu x z u
z

= ,	  	

( , ,0) 0w x z =

where 0u  is the velocity along the x axis at the 
height of  0z . Throughout this computation, 

0 4.4u =  [ / ]m s  and 0 100z = [ ]m . 
	 For the initial air temperature, we assume 
that the air is dry and there is no propagation of  

the energy to the environment. The temperature 
drops one degree Celsius for each 100 meters 
from the ground. This is called adiabatic process. 
The initial temperature can then be expressed as

( , ,0) 0.01 300x z zθ = − + .
		

On the boundary 1Γ , 1( , , ) ( , ,0)u x z t u x z=  
and 4 ( , , ) ( , ,0)x z t x zθ θ= while on the boundary 

4Γ , 4 ( , , ) 14w x z t = , 4 ( , , ) 400x z tθ = , and 

4 ( , )C x t  is dependent on each study case. In 
other words, we assume that the wind blows out 
of  the top of  the chimney at the constant speed 
of  14 [ / ]m s , and the temperature at the top of  
the chimney is 400 [ ]K .

3.2 The Results
In this subsection, we visualize the propagation 

of  the pollutants by plotting the concentration 
of  the pollutants on the domain Ω  over time 
as well as compute an average of  the pollutant 
concentration, ( )C t , on the observed area 0Ω  
for each emission case mentioned in Section 2.1.3.

3.2.1 Steady emission
We first consider the case where the pollutants 

are emitted steadily with the concentration of  1 
2[ / ]g m . In other words,
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4 ( , ) 1C x t =
for all 0t > . 

Figure 5 shows the propagation of  the 
pollutants after 6.72, 44.24, and 165.20 seconds. 
It can be seen that the pollutants are propagated 
in the wind direction and diffused along the z axis. 
We can also see the circulation of  the pollutants 
the over time.

Figure 6 shows the average concentration 
of  the pollutants in the observed area 0Ω  as a 
function of  time. We see that the observed area 
starts to suffer from the air pollution after 7 
seconds. Then the average concentration of  the 
pollutants rises steeply until around 42 seconds 
when it starts to increase steadily. In other 

words, if  the pollutants are emitted steadily, the 
concentration of  the pollution will initially rise 
drastically and continue to increase steadily after 
some point in time. 

3.2.2 Periodic emission
We consider the case where the pollutants 

are emitted periodically with the maximum 
concentration pc  of  1 2[ / ]g m  and the period 
of  1.4 seconds, or

4 ( , ) (1 cos( ))
12

1
.4

C tx t π
= −

for all 0t > .

 3.2.1 Steady emission 

 We first consider the case where the pollutants are emitted steadily with the concentration of 1 

2[ / ]g m . In other words, 

4 ( , ) 1C x t   

for all 0t  .  

 Figure 5 shows the propagation of the pollutants after 6.72, 44.24, and 165.20 seconds. It can be seen 

that the pollutants are propagated in the wind direction and diffused along the z axis. We can also see the 

circulation of the pollutants the over time. 

 
Figure 5 The concentration of the pollutants in the domain   emitted steadily with the concentration of 

1 2[ / ]g m  at time 6.72, 44.24, and 165.20 seconds from top to bottom respectively. Figure 5. The concentration of  the pollutants in the domain Ω  emitted steadily with the concentration 
of  1 2[ / ]g m  at time 6.72, 44.24, and 165.20 seconds from top to bottom respectively.
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 Figure 6 shows the average concentration of the pollutants in the observed area 0  as a function of 

time. We see that the observed area starts to suffer from the air pollution after 7 seconds. Then the average 

concentration of the pollutants rises steeply until around 42 seconds when it starts to increase steadily. In 

other words, if the pollutants are emitted steadily, the concentration of the pollution will initially rise 

drastically and continue to increase steadily after some point in time.  

 
Figure 6 The average concentration of the pollutants steadily emitted with the concentration of 1 

2[ / ]g m  on the observed area 0  as a function of time. 

 3.2.2 Periodic emission 

 We consider the case where the pollutants are emitted periodically with the maximum concentration 

pc  of 1  2[ / ]g m  and the period of 1.4 seconds, or 

4 ( , ) (1 cos( ))
12
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.4

C tx t 
   
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 Figure 7 shows the concentration of the air pollutants emitted periodically with the maximum 

concentration of 1 2[ / ]g m  and the period of 1.4  seconds at time 6.72, 44.24 and 165.20 seconds. We see 

that the air pollution propagation is similar to that in Figure 5, where the pollutants are steadily emitted, as 

the wind velocity and the diffusion coefficient for both cases are identical. However, in contrast to the 

propagation in Figure 5, the propagation of the pollutants in Figure 7 is more like waves of pollutants. This 

is not surprising as we assume that the pollutants are generated periodically. 

Figure 6. The average concentration of  the pollutants steadily emitted with the concentration of  
1 2[ / ]g m  on the observed area 0Ω  as a function of  time.

Figure 7 shows the concentration of  the air 
pollutants emitted periodically with the maximum 
concentration of  1 2[ / ]g m  and the period of  1.4  
seconds at time 6.72, 44.24 and 165.20 seconds. We 
see that the air pollution propagation is similar to 
that in Figure 5, where the pollutants are steadily 
emitted, as the wind velocity and the diffusion 
coefficient for both cases are identical. However, 
in contrast to the propagation in Figure 5, the 
propagation of  the pollutants in Figure 7 is more 
like waves of  pollutants. This is not surprising 
as we assume that the pollutants are generated 
periodically.

Figure 8 shows the average concentrations of  
the pollutants which are emitted periodically with 
the maximum concentrations of  1 2[ / ]g m  and 
the period of  1.4 seconds (blue) and the maximum 
concentration of  2 2[ / ]g m  and the period of  
14 seconds (green) on the observed area 0Ω  as 
functions of  time. It is noticeable that the shape 
of  the average concentration of  the case where 
the pollutants are emitted periodically with the 
maximum concentrations of  1 2[ / ]g m  (blue) is 
very similar to that of  the steady emission except 
that the concentration magnitude is lower.

To compare the average concentration on the 
observed area between the case of  lower maximum 
concentration but higher emitting frequency (blue) 
and the higher maximum concentration but lower 
emitting frequency (green), we see that the observed 
area is affected by the air pollution quicker for the 
case with higher maximum concentration despite 
the lower emitting frequency. However, the average 
concentration of  the case with higher emitting 
frequency jumps up steeply and is eventually higher 
than that of  the higher maximum concentration. 
Interestingly, the rates of  increase of  both cases 
when the concentrations of  the pollutants are 
rising steeply and in the long run are very similar.

3.3.3 Discontinuous emission
We consider the case where the pollutants are 

emitted discontinuously with the concentration dc  
of  1 2[ / ]g m  every 1.4 seconds. In other words,

	
0
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Figure 7 The concentration of the pollutants in the domain   emitted periodically with the maximum 

concentration of 1 2[ / ]g m  and the period of 1.4  seconds at time 6.72, 44.24, and 165.20 seconds from 
top to bottom respectively. 

 Figure 8 shows the average concentrations of the pollutants which are emitted periodically with the 

maximum concentrations of 1  2[ / ]g m  and the period of 1.4 seconds (blue) and the maximum 

concentration of 2 2[ / ]g m  and the period of 14 seconds (green) on the observed area 0  as functions of 

time. It is noticeable that the shape of the average concentration of the case where the pollutants are emitted 

periodically with the maximum concentrations of 1 2[ / ]g m  (blue) is very similar to that of the steady 

emission except that the concentration magnitude is lower. 

Figure 7. The concentration of  the pollutants in the domain Ω  emitted periodically with the maximum 
concentration of  1 2[ / ]g m  and the period of  1.4  seconds at time 6.72, 44.24, and 165.20 seconds 
from top to bottom respectively.

Figure 9 shows the propagation of  the 
pollutants in the domain Ω  emitted discontinuously 
with the concentration of  1 2[ / ]g m  every 1.4  
seconds at time 6.72, 44.24, and 165.20 seconds. 
The propagation is similar to Figures 5 and 7 
except that it looks more like chunks of  pollutants 
flowing toward the observed area in the wind 
direction. This is not surprising as the pollutants 
are emitted discontinuously. 

Figure 10 shows the average concentrations 
of  the pollutants discontinuously emitted with the 
concentration of  1 2[ / ]g m  every 1.4 seconds 
(purple) and the concentration of  8 2[ / ]g m  

every 14 seconds (red) on the observed area 0Ω  
as functions of  time. We see that the shape of  
the case with the concentration of  1 2[ / ]g m  
(purple) is similar to that of  Figure 6 and the 
1 2[ / ]g m case of  Figure 8. The difference is 
that the magnitude of  the average concentration 
for the discontinuous emission is lower.

The difference between the cases when the 
pollutants are discontinuously emitted with lower 
concentration but higher frequency (purple) and 
with higher concentration but lower frequency 
(red) is that the observed area is polluted sooner 
for the former case but as time goes by, the 
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Figure 8 The average concentrations of the pollutants periodically emitted with the maximum 

concentrations of 1 2[ / ]g m  and the period of 1.4 seconds (blue) and the maximum concentration of 2 
2[ / ]g m  and the periods of 14 seconds (green) on the observed area 0  as functions of time. 

 To compare the average concentration on the observed area between the case of lower maximum 

concentration but higher emitting frequency (blue) and the higher maximum concentration but lower 

emitting frequency (green), we see that the observed area is affected by the air pollution quicker for the 

case with higher maximum concentration despite the lower emitting frequency. However, the average 

concentration of the case with higher emitting frequency jumps up steeply and is eventually higher than 

that of the higher maximum concentration. Interestingly, the rates of increase of both cases when the 

concentrations of the pollutants are rising steeply and in the long run are very similar. 

 3.3.3 Discontinuous emission 

 We consider the case where the pollutants are emitted discontinuously with the concentration dc  of 1  

2[ / ]g m  every 1.4 seconds. In other words, 
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 Figure 9 shows the propagation of the pollutants in the domain   emitted discontinuously with the 

concentration of 1 2[ / ]g m  every 1.4  seconds at time 6.72, 44.24, and 165.20 seconds. The propagation 

1, 1.4p pc t 

 2, 14p pc t 

 

Figure 8. The average concentrations of  the pollutants periodically emitted with the maximum 
concentrations of  1 2[ / ]g m  and the period of  1.4 seconds (blue) and the maximum concentration 
of  2 2[ / ]g m  and the periods of  14 seconds (green) on the observed area 0Ω  as functions of  time.

average concentration of  the latter case overtakes 
the former. Eventually, the emission with lower 
frequency but higher concentration has the steeper 
rate of  increase on the period which it is rising 
dramatically compared with that of  the higher 
frequency but lower concentration. However, in 
the long run, the rate of  change of  the latter is 
higher than the former.

3.3 Comparison between the Cases
To determine how a given amount of  pollutants 

should be emitted in practice for air pollution 
management purposes, the comparison between 
the cases must be made. Given the total amount 
of  the pollutants, C , needed to be released from 
a factory and the total emission time, T , in this 
subsection, we determine the parameters , psc c
and dc  for the steady, periodic, and discontinuous 
emissions respectively which result in the release 
of  C  over the time horizon [0, ]T .

3.3.1 Steady emission
For the steady emission case, as the total 

pollutants emitted over [0, ]T is C , we have that

 

0
.

T

s sC c dt c T= =∫

	 Thus, the parameter sc is / .C T

3.3.2 Periodic emission
Similar to that of  the steady emission case, the 

total amount of  pollutants emitted over [0, ]T  is

0
(1 cos( ) ( sin( )).

2 2
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π
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	 To periodically release the total pollutants 
of  C over [0, ]T , the parameter pc is 
2 / [ ( / )sin( )]/p pT Tt tC π π− .
	
3.3.3 Discontinuous emission

For the discontinuous emission case, we 
have that

d
d

C cT
t
 

=  
 

 ,

where x    is the biggest integer smaller or equal 
to x . Hence, the parameter dc  is / / dC T t   .
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is similar to Figures 5 and 7 except that it looks more like chunks of pollutants flowing toward the observed 

area in the wind direction. This is not surprising as the pollutants are emitted discontinuously.  

 
Figure 9 The concentration of the pollutants in the domain   emitted discontinuously with the 

concentration of 1 2[ / ]g m  every 1.4  seconds at time 6.72, 44.24, and 165.20 seconds from top to 
bottom respectively. 

 Figure 10 shows the average concentrations of the pollutants discontinuously emitted with the 

concentration of 1 2[ / ]g m  every 1.4 seconds (purple) and the concentration of 8 2[ / ]g m  every 14 

seconds (red) on the observed area 0  as functions of time. We see that the shape of the case with the 

concentration of 1 2[ / ]g m  (purple) is similar to that of Figure 6 and the 1 2[ / ]g m case of Figure 8. The 

difference is that the magnitude of the average concentration for the discontinuous emission is lower. 

Figure 9. The concentration of  the pollutants in the domain Ω  emitted discontinuously with the 
concentration of  1 2[ / ]g m  every 1.4  seconds at time 6.72, 44.24, and 165.20 seconds from top to 
bottom respectively.

4. CONCLUSIONS 
This paper applies the Navier-Stokes and 

advection-diffusion equations to model the 
propagation of  the pollutants from a single generator 
such as a tall industrial chimney on an observed 
area such as a residential area or an agricultural 
land. We applied the finite element method to 
numerically solve the model for several cases 
depending on how the pollutants are emitted over 
time. The cases are “steady emission”, “periodic 
emission” and “discontinuous emission. We also 
visualize the propagation of  the pollutants from 
the generator to the observed area over time. 
In addition, the average concentration of  the 

pollutants on the observed area for each case is 
also plotted as a function of  time.

The visualizations of  the air pollution 
propagation are similar for all cases. We see that 
the pollutants are blown to the right-hand side 
of  the domain into the observed area and fall to 
the ground due to the wind and the air pressure. 
The air circulations can also be observed. The 
differences are the speeds of  the propagations, 
the concentrations of  the pollutants, and the 
patterns. The emitting pattern of  the discontinuous 
emission case is more like chucks of  pollutants 
rather than a stream. The average concentrations 
of  the pollutants over the observed also area have 
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similar pattern. They start with low concentrations, 
and at some point, they increase drastically, and 
eventually increase at constant rates. It is worth 
noting that if  the pollutants are still being emitted, 
the negative effects from which the observed 
area is suffering will also be constantly increasing. 

This work can be applied to air pollution 
management problems in order to estimate the 
concentration of  the air pollutants over time on 
flat domains without obstacles on an observed 
area such as a residential area. In addition, this 
can be used to alert people in the observed area 
if  the pollutant concentration is estimated to 
exceed the fetal level.
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